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Functionally graded nanocomposites in which carbon nanotube (CNT) or graphene 
reinforcements are dispersed nonuniformly in the matrix have been considered as the new 
generation materials with great application potentials in various engineering areas such as 
aerospace, automobile, energy, biomedical and electronic industries. The mechanical 
analysis of structural elements made from such nanocomposites have therefore attracted 
increasing attention from both research and engineering communities due to their great 
importance in both theoretical and practical aspects. 
This thesis deals with the nonlinear behaviour and imperfection sensitivity of functionally 
graded nanocomposite structures reinforced with either CNTs or graphene platelets (GPLs). 
Their material properties are assumed to be functionally graded along the thickness 
direction, among which the effective material properties of functionally graded CNT-
reinforced composites (FG-CNTRCs) are predicted by the extended rule of mixture, while 
that of functionally graded GPL-reinforced composites (FG-GPLRCs) are estimated by the 
modified Halpin-Tsai model. The research content of this thesis includes several aspects: 
1) buckling and free vibration analysis of sandwich beams with FG-CNTRC face sheets, 2) 
imperfection sensitive analysis of FG-CNTRC beams, 3) thermo-electro-mechanical 
analysis of piezoelectric FG-CNTRC beams with geometric imperfections, 4) mechanical 
analysis of FG-GPLRC beam and plate structures under thermo-mechanical loading. 
Linear governing equations of sandwich beams with FG-CNTRC facesheets are derived 
within the framework of first-order shear deformation theory (FSDT). By using the differential 
quadrature (DQ) method, the buckling and free vibration behaviours of FG-CNTRC 
sandwich beams are investigated. A parametric study is conducted to show the effects of 
CNT volume fraction, core-to-facesheet thickness ratio, slenderness ratio, and end supports 
on the critical buckling load and natural frequencies. Numerical results for sandwich beams 
with uniformly distributed CNTRC (UD-CNTRC) face sheets are also provided for 
comparison. The results demonstrate that the sandwich beam with FG-CNTRC facesheets 
outperforms the beam with UD-CNTRC facesheets in terms of the buckling and vibration 
performances. 
For the imperfection sensitivity analysis, nonlinear governing equations and their 
dimensionless forms are deduced by using the principle of virtual displacements. A generic 
imperfection model in the form of the product of trigonometric and hyperbolic functions are 
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used to describe the various possible geometric imperfections such as sine type, global, and 
localized imperfections. The imperfection sensitivity analysis covers several subjects for FG-
CNTRC beams under different loading conditions. Among those, the compressive and 
thermal postbuckling are studied by means of the DQ-based Newton-Raphson technique, 
the nonlinear free vibration is analysed by using the Ritz method together with a standard 
iteration procedure. Comprehensive numerical results are presented for geometrically 
imperfect FG-CNTRC beams, with a particular focus on the influences of imperfection 
parameters such as half-wave number, location, and amplitude. The results indicate that 
geometric imperfections have important effects on the nonlinear postbuckling and free 
vibration behaviours. 
In the thermo-electro-mechanical analysis, the FG-CNTRC beams are integrated with 
surface-bonded piezoelectric layers and subjected to a combined action of a uniform 
temperature rise, a constant actuator voltage and an in-plane force. The effects of shear 
deformation and geometric imperfection are taken into consideration in theoretical 
formulations. The thermo-electro-mechanical postbuckling equilibrium path is traced by 
using the DQ method in conjunction with Newton-Raphson technique. The obtained 
postbuckling displacements are then included in the free vibration analysis of thermo-
electro-mechanically postbuckled FG-CNTRC beams. Free vibration results of postbuckled 
FG-CNTRC beams with and without geometric imperfections are given and compared to 
highlight the influence of geometric imperfections. The effects of CNT distribution pattern 
and volume fraction, temperature rise, actuator voltage, in-plane force, and boundary 
condition are also discussed in detail. 
Based on the FSDT and von Kármán geometric nonlinearity, the nonlinear dynamic 
governing equations are established for shear deformable FG-GPLRC beams and plates 
that are subjected to a uniform temperature rise and a periodic uniaxial in-plane force. By 
using the DQ method, the thermo-mechanical buckling and postbuckling, as well as free 
vibration are studied. Subsequently, the parametric instability of FG-GPLRC beams and 
plates under thermo-mechanical loading are investigated, and the principal unstable region 
is determined by employing the Bolotin’s method. Special attention is given to the effects of 
GPL distribution pattern, weight fraction, and geometry so as to best explore the potentials 
of GPLs towards the development of advanced lightweight composite structures. Numerical 
results indicate that the addition of a low content of GPLs significantly improves the 
mechanical properties and structural performances of polymer nanocomposite structures. 
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Symmetric distribution with more GPLs near the surface layers and few GPLs close to the 
neutral plane is most desirable in terms of the reinforcing effect. 
As the result of extensive theoretical and numerical analysis by using the computer program 
packages developed in MATLAB, the present thesis makes valuable contributions to the 
knowledge base in the subject area by providing comprehensive first-ever-known results, 
which are helpful in better understanding the mechanical behaviour of such functionally 
graded nanocomposite structures. 
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Graphene [1] is a two-dimensional monolayer of carbon atoms connected by the covalent sp2 bonds. 
Carbon nanotubes (CNTs) [2, 3] are allotropes of carbon with a cylindrical nanostructure that can be 
viewed as a rolled-up graphene sheet, as shown in Figure 1.1. CNTs and graphene have extremely 
high tensile strength and elastic modulus but a very low density. In addition, both have remarkable 
thermal conductivity, electron mobility, and chemical reactivity. Due to the superior thermal, 
electrical and mechanical properties, CNTs and graphene have shown promising prospects in 
developing novel multifunctional nanocomposites. As a consequence, nanocomposites reinforced 
with either CNT or graphene nanofillers have attracted tremendous scientific and technological 
interests over the past two decades [4-6]. 
  
Graphene sheet Carbon nanotube (CNT) 
Figure 1.1. Schematic of CNT made from a rolled graphene sheet 
In the case of conventional nanocomposites, the nanofillers are either uniformly or randomly 
distributed in the matrix such that the physical properties do not vary spatially at the macroscopic 
level. In addition, only a low percentage of nanofillers can be added into the polymer matrix as a 
higher concentration leads to a poor dispersion of nanofillers and consequently deteriorates the 
resulting mechanical properties of nanocomposites [7-9]. These issues have to some extent hindered 
the further applications of CNTs and graphene as reinforcement materials in nanocomposites. 
Functionally graded materials (FGMs) are inhomogeneous composites characterized by the 
continuous variation in both composition and properties along certain direction(s). The material 
properties can be tailored by changing the volume fractions of constituents in the preferred direction. 
This can improve the strength, toughness and thermal withstanding capacity and make FGMs superior 
to homogeneous materials made of same constituents. Functionally graded nanocomposites are 
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developed by introducing the concept of FGM into the conventional nanocomposites so as to facilitate 
the effective use of a low content of CNT and graphene nanofillers in the nanocomposites. 
Experimental investigations on various functionally graded nanocomposites demonstrates their 
superiority over the conventional nanocomposites [10-12]. The gradient composition or 
microstructure not only optimizes the mechanical properties, but also enables control of the thermal 
and electrical properties in the preferred direction of nanocomposites. 
The ultimate purpose of developing such advanced materials is to explore their potential applications 
in actual engineering. Functionally graded nanocomposites reinforced with CNT or graphene 
nanofillers have been regarded as the new generation material with great application potentials in 
various engineering areas such as aerospace, automobile, energy, biomedical and electronic industries 
and so on. Given the great importance in both theoretical and practical aspects, there is a growing 
need to investigate the mechanical response of functionally graded nanocomposite structures under 
various loading conditions. 
1.2. Literature Review 
This section reviews the relevant research works on the mechanical analysis of functionally graded 
nanocomposite structures reinforced with CNT and graphene nanofillers, including but not limited to 
free vibration, buckling, postbuckling and dynamic instability of those structures. The main findings 
of literature review are then summarised and the research gaps in existing studies are identified as 
well. 
1.2.1. Mechanical analysis of FG-CNTRC structures 
Shen [13] firstly investigated the FGMs with CNTs nonuniformly distributed in polymer matrix and 
suggested that the functionally graded distribution of CNT reinforcements can further enhance the 
bending capacity of CNT-reinforced composite (CNTRC) plates. The concept of functionally graded 
carbon nanotube-reinforced composite (FG-CNTRC) was subsequently supported by the successful 
fabrication of functionally graded carbon nanofiber/phenolic nanocomposites [10]. The mechanical 
analysis of FG-CNTRC structures have since become an emerging area of extensive research efforts. 
The engineering structures are often subjected to thermal and mechanical loads during their service 
lives. Therefore, the mechanical analysis of FG-CNTRC structures under thermal and mechanical 
loads is of utmost importance for their applications in engineering. Yas and Samadi [14] analysed the 
compressive buckling of FG-CNTRC beams with different distributions of CNTs resting on an elastic 
foundation. They found that the beam with more CNTs distributed close to surfaces has a higher 
critical buckling load. Based on Timoshenko beam theory, Ke et al. [15] studied the dynamic 
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instability of FG-CNTRC beams under a periodic in-plane load. The Bolotin’s method was employed 
to determine the unstable regions. Wattanasakulpong and Ungbhakorn [16] investigated the 
compressive buckling of FG-CNTRC beams using various shear deformation theories, with the 
analytical solutions obtained by the Navier solution procedure. Mayandi and Jeyaraj [17] dealt with 
the buckling of FG-CNTRC beams under different nonuniform thermal loads using finite element 
method. Their results revealed that the critical buckling temperature is less when the beams are 
exposed to uniform temperature rise rather than nonuniform ones. Shen and Xiang [18] presented the 
postbuckling analysis of FG-CNTRC beams resting on elastic foundations under a uniform 
temperature rise. The governing equations are derived based on a higher order shear deformation 
theory and are solved by a two-step perturbation technique. Their results indicated that the thermal 
postbuckling of FG-CNTRC beams with unsymmetrical distribution of CNTs is no longer of 
bioturbation type. In these studies, the FG-CNTRC beams are assumed to be subjected to single load 
conditions, while the effect of the combined action of thermal and mechanical loads has not been 
investigated. 
For the free vibration analysis, Ke et al. [19] studied the nonlinear free vibration of FG-CNTRC 
beams and suggested that both linear and nonlinear frequencies of FG-CNTRC beams with 
symmetrical distribution of CNTs are higher than those of beams with uniform and unsymmetrical 
distribution of CNTs. Yas and Samadi [14] carried out the free vibration analysis of FG-CNTRC 
beams resting on an elastic foundation. The generalized differential quadrature method was employed 
to obtain the natural frequency. Wattanasakulpong and Ungbhakorn [16] analytically investigated the 
same problem using various shear deformation theories and Navier solution procedure. Shen and 
Xiang [18] dealt with the nonlinear vibration of FG-CNTRC beams resting on an elastic foundation 
in thermal environment. Their results demonstrated that the elevated temperature decreases the linear 
natural frequency but increases the nonlinear to linear frequency ratio. Lin and Xiang [20, 21] 
examined the linear and nonlinear free vibrations of FG-CNTRC beams using p-Ritz method and 
indicated that a moderate increase in CNT volume fraction may not lead to a moderate increase in 
fundamental frequency. With exception of [18], those studies of free vibration are limited to the case 
of that FG-CNTRC beams undergo no external loads. 
When the FG-CNTRC beams are subjected to thermal and mechanical loads, the thermo-
mechanically induced postbuckling deformation will change the structural configuration and 
influence the vibration characteristics that can ultimately affect the stability and control of those 
structures [22-28]. In spite of its practical importance, very limited work has been reported on the 
free vibration of postbuckled FG-CNTRC beams. Most recently, Shen et al. [29] analysed the small- 
Chapter 1. Introduction 
4 
and large-amplitude vibration of thermally postbuckled FG-CNTRC beams resting on elastic 
foundations.  
Owing to the electro-mechanical coupling effect, piezoelectric materials have been widely used as 
distributed actuators and sensors in smart structural system. The stability and vibration analysis of 
smart composite structures integrated with surface-mounted piezoelectric layers are of great practical 
importance for the structural active control and health monitoring [30, 31]. However, researches on 
FG-CNTRC structures integrated with piezoelectric layers are still limited in number. Among those, 
Rafiee and his co-authors investigated the nonlinear free vibration [32] and thermal buckling [33] of 
piezoelectric FG-CNTRC beams under thermo-electric loads. Yang et al. [34] conducted a dynamic 
buckling analysis of thermo-electro-mechanically loaded FG-CNTRC beams with surface-bonded 
piezoelectric layers. Mirghaffari and Rahmani [35] studied the active control of FG-CNTRC beams 
subjected to a temperature rise. For this purpose, piezoelectric patches were used as sensors to 
measure the displacement of the beam and as actuators to implement control forces. In these studies 
[32-35], the classical beam theory was used by neglecting the shear deformation. Based on the 
elasticity theory, Alibeigloo and Liew [36] carried out bending and free vibration analyses of FG-
CNTRC beams equipped with piezoelectric actuator and sensor under an electric field. 
It should be pointed out that previous studies were restricted to the perfectly straight beams only and 
the effect of geometric imperfections were not considered. In reality, the structural members 
inevitably possess initial geometric imperfections that occur during the fabrication process or develop 
during their service life. As reported in [37-39], those geometric imperfections have considerable 
effects on the static and dynamic behaviours of composite beams. Previous studies dealing with 
imperfect structures have considered only a few special cases of global imperfections by assuming, 
for the sake of simplicity, that the imperfection takes the same form as the deformed shape of the 
structure. This is not often the case in real-world situations, where the initial geometric imperfections 
may come in various shapes and be either globally or locally distributed in the structures. As far as 
the authors know, there is no literature covering the mechanical analysis of FG-CNTRC beams with 
generic geometric imperfections. 
1.2.2. Mechanical analysis of graphene nanocomposite structures 
Although substantial advances have been made in FG-CNTRC structures, poor dispersion due to CNT 
agglomeration, high fabrication cost, and limited availability in large quantities have hindered the 
further applications of CNTs as reinforcements in polymer composites. Graphene, a two-dimensional 
and one-atom thick monolayer of carbon, has comparable Young’s modulus and tensile strength [40] 
but an extremely higher surface area [41] than CNTs. In addition, graphene and its derivatives can be 
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synthesized in a large quantity with a lower production cost [42-44]. These merits make graphene 
and its derivatives desirable alternatives to CNTs while improving the mechanical properties of 
polymeric materials. As a consequence, nanocomposites reinforced with graphene nanofillers have 









































Figure 1.2. Young’s modulus of nanocomposites reinforced with CNTs and GPLs [48].  
Rafiee et al. [48] measured and compared the mechanical properties of epoxy nanocomposites 
reinforced with the same amount of graphene platelets (GPLs), multi-walled carbon nanotubes 
(MWCNTs), and single-walled carbon nanotubes (SWCNTs), respectively. They found that the 
Young’s modulus, tensile strength and fracture toughness of graphene nanocomposites are 
significantly higher than those of pristine epoxy. Figure 1.2 compares the Young’s modulus of 
nanocomposites reinforced with 0.1wt% of GPLs, MWCNTs and SWCNTs, showing that GPLs 
dramatically outperform CNTs in terms of mechanical property enhancement. Wang et al. [49] 
experimentally investigated the thermal properties of graphene nanocomposites. Their test results 
indicated that incorporation of graphene oxide sheets reduces the thermal expansion coefficients and 
considerably increases the thermal conductivity of the polymer matrix. By using Mori-Tanaka 
micromechanics method, Ji et al. [50] examined the stiffening effect of graphene sheets dispersed in 
polymer nanocomposites. Their results showed that the addition of a very low content of graphene 
sheets can remarkably increases the effective stiffness of the nanocomposite. Zhao et al. [51] reported 
that a loading of 1.8vol% graphene results in a 150% improvement in tensile strength and a nearly 10 
times increase in Young’s modulus of poly (vinyl alcohol) nanocomposites. Liu et al. [52] 
successfully fabricated GPL-reinforced alumina ceramic composites using Spark Plasma Sintering 
and observed that the resulting flexural strength and fracture toughness are significantly higher than 
those of monolithic ceramic samples. Rahman and Haque [53] studied the effects of GPL 
concentration, aspect ratio and dispersion on elastic constants and stress-strain responses of 
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graphene/epoxy nanocomposites using molecular mechanics and molecular dynamics simulations. 
Liu et al. [54] used a stacking and folding method to generate aligned graphene/polycarbonate 
composites that considerably enhances effective elastic modulus and strength of the primitive 
polycarbonate even at an exceptionally low loading of graphene. 
Due to the superior physical properties [40, 55, 56], graphene nanocomposites may find a wide range 
of applications in flexible electronics and sensing technology [47], such as electronics devices [57], 
energy storage devices [58], sensors [59], biomedical applications [60]. Such nanocomposites can 
also be used to develop the advanced lightweight structures in aerospace engineering [61]. Great 
efforts has been directed towards the synthesis and material property characterization of graphene 
nanocomposites. Nonetheless, research works on the mechanical response of structural elements 
made of such advanced nanocomposites are very limited. Rafiee et al. [61] experimentally 
investigated the buckling of graphene/epoxy nanocomposite beam structures. Significant increase (up 
to 52%) in critical buckling load was observed by adding only 0.1 wt% of GPLs into the epoxy matrix. 
Parashar and Mertiny [62] employed a finite element technique in conjunction with molecular and 
continuum mechanics to simulate buckling of graphene/polymer nanocomposite beams. Their results 
revealed that the buckling strength of nanocomposites can be improved by 26% by adding only 6 vol% 
of graphene fillers. Chandra et al. [63] carried out a vibration frequency analysis of graphene/polymer 
nanocomposite beams by a multiscale approach.  
From the material fabrication perspective, only a low percentage of graphene nanofillers can be added 
into the polymer matrix as a high content of graphene are prone to agglomerate and consequently 
deteriorates the resulting mechanical properties of nanocomposites [8, 9, 64]. Previous studies dealing 
with graphene nanocomposites assumed that graphene nanofillers are uniformly or randomly 
dispersed in the matrix, which cannot effectively make use of a low content of graphene 
reinforcements. Stimulated by the concept of FG-CNTRC, graphene nanofillers can also be 
distributed nonuniformly in the matrix so as to further improve the mechanical properties of graphene 
nanocomposites. Unfortunately, no studies seem to have been reported on the functionally graded 
graphene nanocomposites as well as the mechanical analysis of structures made from such advanced 
nanocomposites.  
1.2.3. Research gaps 
The literature review shows that the application of FG-CNTRCs as facesheet materials in sandwich 
beams has not been discussed. Moreover, previous studies were restricted to the perfectly straight 
FG-CNTRC beams under single loading conditions. The influences of various geometric 
imperfections and complicated loading conditions on the mechanical response of FG-CNTRC beams 
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have not been addressed. There is also a lack of thermo-electro-mechanical analysis of FG-CNTRC 
beams equipped with piezoelectric actuators, and for simplicity the shear deformation was usually 
neglected in the literature. 
Previous studies on graphene nanocomposites were mainly focused on the synthesis and material 
property characterization. Moreover, graphene reinforcements were assumed to be uniformly or 
randomly distributed in the matrix, which makes poor use of a low percentage of graphene. As a novel 
class of advanced composite materials, there is an obvious lack of in-depth understanding of the 
mechanical behaviour of graphene nanocomposite structures, which is of great importance in 
engineering applications. 
1.3. Research Objectives 
The overall aim of this thesis is to gain a comprehensive understanding of mechanical behaviours of 
functionally graded nanocomposite structures so as to promote their engineering application and 
design. To this end, the present thesis will address a number of key issues, with the following main 
objectives: 
1) To explore the application of FG-CNTRCs as facesheet materials in sandwich structures by 
studying the buckling and free vibration behaviours of FG-CNTRC sandwich beams; 
2) To examine the effects of various geometric imperfections on the nonlinear postbuckling and 
free vibration behaviours of FG-CNTRC beams, which has not been addressed in previous 
studies; 
3) To gain an in-depth understanding of the complicated thermo-electro-mechanical behaviour 
of geometrically imperfect FG-CNTRC beams equipped with piezoelectric actuators; 
4) To develop a functionally graded graphene nanocomposite model that can effectively make 
use of a low percentage of graphene nanofillers and is easy to fabricate from the perspective 
of manufacturing technology; 
5) To investigate the dynamic instability, buckling and postbuckling behaviours of functionally 
graded graphene nanocomposite structures with different graphene distributions and 
geometries to facilitate the engineering design. 
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1.4. Thesis Outline 
To address the abovementioned research gaps, a series of theoretical and numerical works have been 
conducted during the PhD candidature. Accordingly, ten journal papers that have been either 
published or submitted are incorporated as Chapters 3-6. The thesis present the research works and 
outcomes in the following order. 
Chapter 1: Introduction. This chapter introduces the research background of functionally graded 
nanocomposites, reviews the relevant literature on the mechanical analysis of functionally grade 
nanocomposite structures reinforced with CNT and graphene nanofillers, and presents the research 
objectives of the thesis. 
Chapter 2: Functionally graded nanocomposite model. Two functionally graded nanocomposite 
models used in this thesis, i.e. FG-CNTRC and functionally graded graphene platelet-reinforced 
composite (FG-GPLRC) models, are introduced in this chapter, together with the extended rule of 
mixture and the modified Halpin-Tsai micromechanics model that are used to examine the 
effective material properties of FG-CNTRC and FG-GPLRC, respectively. 
Chapter 3: Free vibration and buckling analysis of sandwich beams with FG-CNTRC 
facesheets. One journal paper is incorporated as this chapter, in which the application of FG-
CNTRCs as facesheet materials in sandwich structures is explored by studding the free vibration 
and elastic buckling of sandwich beams with FG-CNTRC beams. 
Chapter 4: Imperfection sensitivity of FG-CNTRC beams. A generic imperfection model is 
employed to simulate various possible imperfections with different shapes, amplitude and location. 
The influences of those geometric imperfections on the compressive and thermal postbuckling, as 
well as the nonlinear free vibration of FG-CNTRC beams are investigated in this chapter, with 
three journal papers presented as Section 4.1-4.3, respectively.  
Chapter 5: Thermo-electro-mechanical analysis of piezoelectric FG-CNTRC beams. The FG-
CNTRC beams are integrated with surface-bonded piezoelectric actuators and are subjected to a 
combined action of uniform temperature rise, in-plane force, and constant actuator voltage. The 
postbuckling and free vibration of thermo-electro-mechanically loaded FG-CNTRC beams with 
or without geometric imperfections are studied in this chapter and two journal papers are presented 
as Sections 5.1 and 5.2, respectively. 
Chapter 6: Mechanical analysis of FG-GPLRC beams and plates. An FG-GPLRC multilayer 
structure is proposed and the thermo-mechanical buckling and postbuckling, as well as the 
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dynamic instability of FG-GPLRC multilayer beams and plates with different GPL distribution 
patterns and concentrations are investigated. Four journal papers are included in this chapter as 
Sections 6.1-6.4, respectively. 
Chapter 7: Conclusions. The research works and the key findings of the present thesis are 
summarised in this chapter. 
Appendix. Supplementary equations are given. 
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2. FUNCTIONALLY GRADED NANOCOMPOSITE MODEL 
In traditional nanocomposites, nanofiller are distributed uniformly or randomly in the matrix such 
that the material properties do not change spatially at the macroscopic level and the limited content 
of nanofillers cannot be effectively used. Functionally graded materials (FGMs) are a new breed of 
composite materials in which the microstructure and properties vary continuously through a 
nonuniform distribution of reinforcements. Stimulated by the concept of FGM, the functionally 
graded CNT- and GPL-reinforced composites (FG-CNTRCs and FG-GPLRCs) are developed so as 
to facilitate the effective use of a small amount of CNT and graphene nanofillers and further improve 
the mechanical properties of structures made from such nanocomposites. 
Functionally graded nanocomposites with different distribution patterns of nanofillers can be 
prepared through several processing techniques, such as selective laser sintering (SLS) [1, 2], powder 
metallurgy technique [3], combined powder stacking and compression molding techniques [4, 5], 
centrifugal method [6, 7], etc. The micromechanical models that are mostly used to study the effective 
material properties of nanocomposites include the rule of mixture, Halpin-Tsai model and Mori-
Tanaka model. In order to account for the small size effect of CNTs, Shen [8] proposed the extended 
rule of mixture for FG-CNTRCs by introducing the CNT efficiency parameters. The candidate [9, 10] 
suggested that the modified Halpin-Tsai model be used to examine the effective material properties 
of graphene nanocomposites. 
This thesis is concerned with the mechanical analysis of FG-CNTRC and FG-GPLRC structures 
whose material properties are functionally graded along the thickness direction according to certain 
distribution patterns. Prior to the mechanical analysis, the effective material properties of such 
nanocomposites need to be determined. To this end, the FG-CNTRC and FG-GPLRC models with 
different distribution patterns of reinforcements are introduced in this chapter, together with the 
extended rule of mixture and the modified Halpin-Tsai model that are used to evaluate the effective 
material properties of FG-CNTRC and FG-GPLRC, respectively. 
2.1. FG-CNTRC Model 
The CNTRC beam of length L and thickness h is made from a mixture of CNT reinforcements and 
an isotropic polymer matrix. Shown in Figure 2.1 are the three types of CNTRC beams where CNT 
reinforcements are either functionally graded (FGX, FGO) or uniformly distributed (UD) along the 
thickness direction. The top and bottom surfaces of the FGX-CNTRC beam are CNT-rich while this 
is inversed for the FGO-CNTRC beam where the mid-plane is CNT-rich. As a comparator, the CNT 
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concentration is assumed to be constant across the thickness of the UD-CNTRC beam. The CNT 

















,      UD: *
cn cnV V , (2.1) 
by which the total CNT volume fraction V
 * 
cn for the three distribution patterns of FGX, FGO and UD 
are the same. 
 
Figure 2.1. FG-CNTRC beams with different CNT distribution patterns: (a) FGX, (b) FGO and (c) UD. 
The effective material properties of CNTRC that are graded in the thickness direction can be predicted 
by the extended rule of mixture [8] 
cn














  , (2.4) 





12 , Gm are Young’s and shear moduli. The volume fraction Vcn and Vm are related by Vcn + Vm = 
1. The CNT efficiency parameters ηi (i = 1, 2, 3) are introduced to account for the size-dependent 
material properties and are determined by matching the elastic moduli of CNTRCs predicted by the 
molecular dynamics simulations with those obtained from the rule of mixture. The thermal expansion 
coefficients of CNTRC are also graded in the thickness direction and can be expressed as 
cn cn
cn 11 11 m m m
11 cn
cn 11 m m
V E V E







 cn cn m22 12 cn 22 m m 12 111 (1 )V V           , (2.6) 
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22  and αm are thermal expansion coefficients of the CNT 
and matrix, respectively. By taking into consideration the temperature dependency, the effective 
material parameters of CNTRC given in Eqs. (2.2)-(2.6) are functions of both temperature and 
position. The Poisson’s ratio and mass density of CNTRC are weakly dependent on temperature and 
given by 
cn
12 cn 12 m mV V     (2.7) 
cn cn m mV V     (2.8) 
where ρcn 12  and ρm are mass densities of CNT and matrix, respectively. 
2.2. FG-GPLRC Model 
The ideal functionally graded nanocomposite structures with continuous and smooth variations in 
both compositions and material properties are extremely difficult to fabricate due to the constraint of 
current manufacturing technology. To overcome this problem, a FG-GPLRC multilayer structure is 
developed in this thesis. The GPLRC layers are made from a mixture of uniformly dispersed GPL 
reinforcements and polymer matrix, with the GPL concentration varying from layer to layer. It is 
evident that such a multilayer structure with an adequate number of layers is an excellent 










Figure 2.2. FG-GPLRC multilayer beams with different GPL distribution patterns: U, X, O, and A. 
The multilayer graphene nanocomposite structure under consideration is composed of perfectly 
bonded GPLRC layers of equal thickness. The GPL reinforcements are randomly oriented and 
uniformly dispersed in each individual layer but its volume fraction is either uniformly distributed 
(U) or functionally graded (X, O, A) in a layer-wise manner across the thickness. The four distribution 
patterns of GPL reinforcements are herein shown in Figure 2.2 where the darker colour represents a 
higher GPL concentration within the layer. For the case of X-GPLRC, the top and bottom layers are 
GPL rich while this is inversed for the O-GPLRC where the middle layers are GPL rich. For the A-
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GPLRC, the GPL concentration gradually increases from the top layer to the bottom layer. As a 
special case, the GPL concentration remains constant across all layers for the U-GPLRC. 
Without loss of generality, it is assumed that the multilayer GPLRC beam/plate consists of an even 
number of layers. The GPL volume fraction of the kth layer for the each distribution pattern in Figure 
2.2 follows [9, 10] 
U-GPLRC: ( ) *GPL GPL
kV V , (2.9) 
X-GPLRC: 
( ) *
GPL GPL L L2 2 1
kV V k N N   , (2.10) 
O-GPLRC:  ( ) *GPL GPL L L2 1 2 1kV V k N N    , (2.11) 
A-GPLRC:  ( ) *GPL GPL L2 1
kV V k N  , (2.12) 
where NL is the total number of layers and k = 1, 2, …, NL. V
* 
GPL is the total GPL volume fraction in 











in which GPL  and m  are the mass densities of GPL and matrix, respectively. WGPL is the total GPL 
weight fraction in the whole beam/plate. Note that with Eqs. (2.9)-(2.12) the U-, X-, O- and A-GPLRC 
beams/plates have the same value of GPL weight fraction. 
The modified micromechanics based Halpin-Tsai model that takes into account the effect of GPL 
geometry is employed to estimate the GPLRC’s effective Young’s modulus [11-13]: 
L L GPL T T GPL
m m
L GPL T GPL
1 13 5




   
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 
   
 
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in which EGPL and Em are the Young’s moduli of GPLs and the matrix, respectively. The GPL 
geometry factors L and T are defined as 
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     L GPL GPL GPL GPL GPL GPL2 2a t a b b t    ,  T GPL GPL2 b t  , (2.16) 
where aGPL, bGPL and tGPL are the GPL length, width and thickness, respectively. According to the 
rule of mixture, the mass density, thermal expansion coefficient and Poisson’s ratio of GPLRC are 
given by  
m m GPL GPLV V    , (2.17) 
m m GPL GPLV V    , (2.18) 
m m GPL GPLV V    , (2.19) 
in which GPL and m are the thermal expansion coefficients, νGPL and m are the Poisson’s ratios, 
subscripts “GPL” and “m” refers to GPL and matrix, respectively, whose volume fractions VGPL and 
Vm are related by VGPL + Vm =1. 
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3.1. Abstract 
This paper investigates the free vibration and elastic buckling of sandwich beams with a stiff core 
and functionally graded carbon nanotube reinforced composite (FG-CNTRC) face sheets within the 
framework of Timoshenko beam theory. The material properties of FG-CNTRCs are assumed to vary 
in the thickness direction, and are estimated through a micromechanical model. The governing 
equations and boundary conditions are derived by using Hamilton’s principle and discretized by 
employing the differential quadrature (DQ) method to obtain the natural frequency and critical 
buckling load of the sandwich beam. A detailed parametric study is conducted to study the effects of 
carbon nanotube volume fraction, core-to-face sheet thickness ratio, slenderness ratio, and end 
supports on the free vibration characteristics and buckling behaviour of sandwich beams with FG-
CNTRC face sheets. The vibration behaviour of the sandwich beam under an initial axial force is also 
discussed. Numerical results for sandwich beams with uniformly distributed carbon nanotube-
reinforced composite (UD-CNTRC) face sheets are also provided for comparison. 
Keywords: free vibration; buckling; sandwich beam; FG-CNTRC. 
3.2. Introduction 
Sandwich construction has received increasing attention due to its superior static and dynamic 
performance over the monolithic construction of the same facing weight. Such structure with a high 
flexural stiffness-to-weight ratio has been widely used in aircrafts, supersonic and hypersonic space 
vehicles and transportation systems [1-4].  
                                                 
* Corresponding author. Tel.: 61-03-99256169; Fax: 61-03-99256108 
  E-mail address: j.yang@rmit.edu.au (J. Yang) 
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Functionally graded materials (FGMs) are inhomogeneous composites in which the material 
properties vary smoothly and continuously along the thickness direction. FGMs have also been used 
as face sheet materials in sandwich constructions. Many studies on the vibration, buckling and post-
buckling behaviours of sandwich structures with FGM face sheets have been done, such as references 
[5-8], among many others. 
Carbon nanotubes (CNTs) possess remarkable mechanical properties [9, 10] and composites 
reinforced with CNTs (CNTRCs) offer the advantages of significantly increased strength and stiffness 
over the conventional fibre-reinforced composites. This has led to an increased use of CNTRCs as 
facing composition in sandwich constructions. Wuite and Adali [11] conducted a multi-scale analysis 
of deflection and stresses behaviour of CNTRC beams. They found that aligned CNTRC beams show 
significant improvements over carbon fibre-reinforced polymers and a small percentage of CNT 
reinforcement leads to significant improvements in the stiffness of CNTRC beams. Vodenitcharova 
and Zhang [12] studied the pure bending and bending-induced local buckling of a nanocomposite 
beam reinforced by a single-walled carbon nanotube (SWCNT). They found that the larger degree of 
flattening of the SWCNT leads to higher strain/stress levels in the thicker matrix layers in the plane 
of cross section. Ray and Batra [13] proposed a new 1-3 piezoelectric composite with single-walled 
CNT reinforcements and found that it performs better than the 1-3 piezoelectric/epoxy composite as 
an actuator material for smart structures. Amin and Nader [14] studied the buckling behaviour of 
boron nitride nanotube-reinforced piezoelectric polymeric composites. Formica et al. [15] found that 
the linear elastic and vibrational properties of composite plates can be enhanced significantly by 
integrating CNTs into hosting material. Zhu et al. [16] presented bending and free vibration analyses 
of composite plates reinforced by single-walled CNTs. They found that the CNT volume fraction has 
a pronounced effect on the natural frequencies and vibration mode shapes as well as the bending 
deflection of CNTRC plates. 
However, previous studies concerning CNTRCs have shown that distributing CNTs uniformly as the 
reinforcements in the matrix can achieve moderate improvement of the mechanical properties only 
[17, 18]. This is mainly due to the weak interfacial bonding strength between the CNTs and matrix 
where a significant material property mismatch exists. This defect has to some extent hindered the 
use of CNTs in nanocomposites. Shen [19] applied the concept of FGM to CNTRCs and found that 
the interfacial bonding strength can be considerably improved through a graded distribution of CNTs 
in the matrix. Ke et al. investigated the effect of nanotube volume fraction on the nonlinear free 
vibration [20] and dynamic stability [21] of FG-CNTRC beams. Wang and Shen [22] dealt with the 
large amplitude vibration of CNTRC plates. They suggested that in most cases the CNTRC plate with 
symmetrical distribution of CNTs has lower natural frequencies, but higher nonlinear to linear 
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frequency ratios than those of plates with uniform or unsymmetrical distribution of CNTs. Shen [23] 
performed a thermal postbuckling analysis for CNTRC cylindrical shells and found that in most case 
the CNTRC shell with intermediate nanotube volume fraction does not have intermediate buckling 
temperature and initial thermal postbuckling strength. For sandwich structures with FG-CNTRC face 
sheets, the nonlinear vibration and bending of sandwich plates with CNTRC face sheets were studied 
by Wang and Shen [24]. The effects of nanotube volume fraction, core-to-facing thickness ratio, 
temperature change, foundation stiffness and in-plane boundary conditions on the nonlinear vibration 
and bending behaviours of sandwich plates with CNTRC facings were discussed. Shen and Zhu [25] 
investigated the thermal postbuckling of a sandwich plate with FG-CNTRC face sheets. They 
observed that the foundation stiffness, temperature change, CNT volume fraction, and the core-to-
face sheet thickness ratio have significant influences on compressive buckling and postbuckling 
behaviours of the sandwich plate, whereas their influence on the thermal postbuckling behaviour is 
much less. 
The present work deals with the free vibration and elastic buckling of sandwich beams with a stiff 
core and FG-CNTRC face sheets reinforced by single-walled carbon nanotubes (SWCNTs) based on 
Timoshenko beam theory. The material properties of FG-CNTRCs are assumed to vary in the 
thickness direction, and are estimated through a micromechanical model in which the CNT efficiency 
parameter is determined by matching the elastic modulus of CNTRCs obtained from the molecular 
dynamics simulation with those calculated from the rule of mixture. The DQ method is employed to 
convert the governing equations into a linear system of eigenvalue equations where the natural 
frequency and critical buckling load of the sandwich beam as the eigenvalues can be obtained. A 
parametric study is conducted to show the effects of nanotube volume fraction, core-to-face sheet 
thickness ratio, slenderness ratio, and end supports on the free vibration characteristics and buckling 
behaviour of sandwich beams with FG-CNTRC face sheets. Numerical results for sandwich beams 
with facings reinforced with uniformly distributed CNTs (UD-CNTRC) are also presented for 
comparison. 
3.3. Sandwich Beam with CNTRC Face Sheets 
 
Figure 3.1. Configuration of a sandwich beam with CNTRC face sheets 
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A symmetric sandwich beam of length L and total thickness h subjected to an axial load 0xN , shown 
in Figure 3.1, consists of two CNTRC face sheets of equal thickness hf separated by a stiff core layer 
of thickness hc.  
Two distributions of CNTs, i.e. functionally graded and uniform distributions, are considered. The 
material properties can be obtained based on the rule of mixture [19] 
11 1 11
cn



















   (3.3) 
where 11
cnE , 22
cnE  and 12
cnG  are Young’s moduli and shear modulus of CNTs, respectively. mE  and mG  
are those of the matrix. i  (i = 1, 2, 3) are CNT efficiency parameters accounting for the size-
dependent material properties and are determined by matching the elastic modulus of CNTRCs 
obtained from molecular dynamics simulation with the numerical results from the rule of mixture. 
cnV  and mV , related by cnV + mV =1, are the volume fraction of CNTs and the matrix, respectively.  
For functionally graded ceramic–metal composites, the material properties usually vary along 
thickness direction according to either a power-law or an exponential distribution. In nanocomposites, 
however, the manufacturing for such a graded distribution is very costly and difficult. Since a better 
way to manufacture CNTRC is to align CNTs functional grading in a polymer matrix and only linear 
distribution can readily be achieved in engineering practice, it is assumed that cnV  for the FG-CNTRC 
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for the bottom face sheet, where  
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in which cnw  is the mass fraction of CNT, and cn and m  are the densities of CNT and matrix, 
respectively. For the UD-CNTRC facings, *cn cnV V  so that the mass fractions for the FG-CNTRC 
and UD-CNTRC face sheets are equal. 
The Poisson’s ratio and density of the CNTRC face sheet can be expressed as  
12 cn cn m mv V v V v   (3.7) 
cn cn m mV V     (3.8) 
in which cnv  and mv  are Poisson’s ratio of the CNT and matrix, respectively. 
3.4. Theoretical Formulations 
3.4.1. Governing equations 
Based on Timoshenko beam theory, the displacement of an arbitrary point in the xz- plane of the 
beam, denoted by U (x, z, t) and W (x, z, t), respectively, are  
 ,  ,  ( , ) ( , )U x z t U x t z x t  ,       ,  ,  ( , )W x z t W x t  (3.9) 
where U (x, t) and W (x, t) are displacement components in the mid-plane,  is the rotation of the 
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For clamped-clamped (C-C) and hinged-hinged (H-H) sandwich beams with a movable end at x =L, 
the boundary conditions require 
U =0, W =0, ψ =0, at x =0, (3.21) 
Nx =0, W =0, ψ =0, at x= L, (3.22) 
for a C-C beam and 
U =0, W =0, Mx =0, at x =0, (3.23) 
Nx =0, W =0, Mx =0, at x= L, (3.24) 
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for an H-H beam.  
3.4.2. Dimensionless governing equations 
Introducing the following dimensionless quantities: 
x
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  , (3.25) 
where A110 and I10 are the values of A11 and I1 of a homogeneous beam made from pure core material, 
 is the dimensionless natural frequency of the sandwich beam. Keeping Eq. (3.25) in mind and 
substituting Eqs. (3.13)-(3.15) into Eqs. (3.18)-(3.20), the governing equations can then be expressed 
in dimensionless form as 
2 2 2 2
1 211 112 2 2 2
u u
a b I I
 
   
   
  
   
 (3.26) 
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 (3.28) 
The associated boundary conditions become 









, w =0,  =0, at = 1, (3.30) 
for a C-C sandwich beam and 



























 at = 1, (3.32) 
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for an H-H sandwich beam. 
3.5. Solution Procedure 
3.5.1. Solution method 
The differential quadrature (DQ) [26, 27] method is used to solve the governing equations to obtain 
critical buckling load and natural frequency of sandwich beams with CNTRC face sheets. To begin 
with, the partial differential governing equations (3.26)-(3.28) is converted into a set of ordinary 
differential equations based on the DQ discretization rule. The displacement components u, w,  and 
their kth derivatives with respect to  can be approximated by  
1
{ , , } ( ){ , , }
N
m m m m
m
u w l u w  

 ,     
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  (3.33) 
where { , , } { , , }
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m m m x x
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C can be calculated using recursive formula [26-28]. N is the total number of nodes 
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, i = 1, 2, …, N (3.34) 
Applying the relationship (3.33) to Eqd. (3.26)-(3.28) leads to a set of ordinary differential equations: 
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where the over dot represents partial derivative with respect to dimensionless time . The boundary 
conditions can also be handled in the same way: 
1 1 10, 0, 0u w    , at  =0, (3.38) 
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for a C-C sandwich beam and 
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        , at = 1, (3.41) 
for an H-H sandwich beam. 
Substituting Eqs. (3.38)-(3.41) into Eq. (3.35-3.37) gives a linear algebraic system in matrix form as 
0( )xN  e gMd K K d 0  (3.42) 
in which the unknown displacement vector  
T
T T T{ } ,{ } ,{ }i i iu w d (i = 1, 2, … , N). M, Ke and Kg 
are 3N×3N matrices, among which M is the mass matrix, Ke and Kg are the stiffness matrix and 
geometric matrix, respectively. 
3.5.2. Static buckling and free vibration 
By eliminating time dependence in Eq. (3.42), the critical buckling load Ncr which is the lowest 
eigenvalue can be solved from the following eigenvalue equation 
( )crN e gK K d 0  (3.43) 
For harmonic vibration of the sandwich beam subjected to an initial axial load, the displacement 
vector can be expressed as 
* ie d d . Eq. (3.42) therefore can be rewritten as an eigenvalue equation: 
2 *
0( )xN     e gK K M d 0  (3.44) 
from which the dimensionless natural frequency  can be solved. Setting 0xN = 0, Eq. (3.44) yields 
the natural frequency of the sandwich beam without an initial axial load. 
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3.6. Results and Discussion 
3.6.1. Convergence and comparison studies 
Before proceeding to free vibration and buckling analyses of sandwich beams with CNTRC facings, 
comparisons between our results and those from literatures are made to validate the present 
formulation. The convergence study in Table 3.1 shows that numerical results are convergent when 
the number of nodes N ≥10. Hereafter, N =10 is used in all numerical computations. 






C-C  H-H 
Ncr ω1  Ncr ω1 
5 0.0103 0.3567  0.0021 0.1561 
8 0.0085 0.3530  0.0022 0.1589 
10 0.0085 0.3530  0.0022 0.1588 
13 0.0085 0.3530  0.0022 0.1588 
15 0.0085 0.3530  0.0022 0.1588 
Table 3.2 Comparison of dimensionless critical buckling load of FGM beams (L/h =16) compares 
numerical dimensionless critical buckling loads of FGM beams with the analytical results [29] from 
which the material properties used in this comparison can be found. E1 and E2 denote the Young’s 
moduli of the top and bottom surfaces of the FGM beam, respectively. E2/E1 =1.0 indicates an 
isotropic homogeneous beam. As can be seen, our results agree well with the analytical results. 
The first three dimensionless natural frequencies for the C-C FG-CNTRC beam are tabulated in Table 
3.3 and compared with those given in [21]. The parameters used in this example are the same as those 
in [21]. Again, good agreement is achieved. 
Table 3.2 Comparison of dimensionless critical buckling load of FGM beams (L/h =16). 
E2/E1 
C-C H-H 
Present Analytical [29] Present Analytical [29] 
0.2 0.005419 0.005418 0.001636 0.001636 
1.0 0.012290 0.012270 0.003176 0.003176 
5.0 0.027090 0.027090 0.008179 0.008179 
 




V =0.12  
*
cn




Present Ref. [21]  Present Ref. [21]  Present Ref. [21] 
1 1.3137 1.3267  1.6688 1.6864  1.8618 1.8760 
2 2.6788 2.6969  3.4273 3.4515  3.7745 3.7948 
3 4.2312 4.2518  5.4346 5.4628  5.9401 5.9625 
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3.6.2. Static buckling 
In the following studies, poly (methyl methacrylate), i.e. PMMA with mE =2.5 GPa, m =1190 kg/m
3 
and mv =0.3, is selected as the matrix material for CNTRCs. The armchair (10, 10) SWCNTs, with 
material properties of 11
cnE =5.6466 TPa, 22
cnE =7.08 TPa, 12
cnG =1.9445 TPa, cn =1400 kg/m
3 and cnv
=0.175 at room temperature [30], are selected as the reinforcement for CNTRCs. The CNT efficiency 
parameter i  is determined by matching the Young’s moduli E11 and E22 and shear modulus G12 of 
CNTRCs obtained from the rule of mixture against those from the molecular dynamics simulations 
given by Han and Elliott [31]. As reported by Shen and Zhang [30], 1 = 0.137, 2 = 1.022, 3 = 0.715 
are used for the case of *cnV =0.12, 1 = 0.142, 2 = 1.626, 3 = 1.138 for 
*
cnV = 0.17; and 1 = 0.141, 
2 = 1.585, 3 = 1.109 for 
*
cnV = 0.28. Titanium alloy (Ti-6Al-4V) with cE =113.8 GPa, c =4430 
kg/m3 and cv =0.342, is chosen as the core material for the sandwich beam. The total thickness of the 
sandwich beam is 10 mm and kept unchanged in all numerical examples, whereas the thickness of 
core layer and face sheets change corresponding to the core-to-face sheet thickness ratio hc/hf = 8, 6, 
4, 2. 
Table 3.4 Dimensionless critical buckling load for sandwich beams with CNTRC face sheets and with different 
values of L/h (hc/hf = 8). 
L/h  
C-C  H-H 
*
cn
V = 0.12 
*
cn
V = 0.17 
*
cn
V = 0.28  
*
cn
V = 0.12 
*
cn
V = 0.17 
*
cn
V = 0.28 
10 
FG 0.0261 0.0305 0.0387  0.0072 0.0085 0.0111 
UD 0.0254 0.0296 0.0373  0.0070 0.0082 0.0107 
20 
FG 0.0072 0.0085 0.0111  0.0018 0.0022 0.0029 
UD 0.0070 0.0082 0.0107  0.0018 0.0021 0.0028 
30 
FG 0.0032 0.0039 0.0051  0.0008 0.0010 0.0013 
UD 0.0031 0.0037 0.0049  0.0008 0.0009 0.0012 
 
Table 3.5 Dimensionless critical buckling load for sandwich beams with CNTRC face sheets and with different 
values of hc/hf (L/h = 20). 
hc/hf  
C-C  H-H 
*
cn
V = 0.12 
*
cn
V = 0.17 
*
cn
V = 0.28  
*
cn
V = 0.12 
*
cn
V = 0.17 
*
cn
V = 0.28 
8 
FG 0.0072 0.0085 0.0111  0.0018 0.0022 0.0029 
UD 0.0070 0.0082 0.0107  0.0018 0.0021 0.0028 
6 
FG 0.0071 0.0087 0.0118  0.0018 0.0022 0.0031 
UD 0.0068 0.0082 0.0111  0.0017 0.0021 0.0029 
4 
FG 0.0070 0.0090 0.0129  0.0018 0.0023 0.0034 
UD 0.0065 0.0083 0.0118  0.0017 0.0021 0.0031 
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Table 3.4 gives the dimensionless critical buckling load of C-C and H-H sandwich beams with 
CNTRC face sheets with different CNT volume fractions *cnV  and slenderness ratios L/h. The core-
to-face sheet thickness ratio hc/hf = 8. The dimensionless critical buckling load at different core-to-
face sheet thickness ratio hc/hf are given in Table 3.5 where the slenderness ratio is kept at L/h = 20. 
It is observed that the critical buckling load of the sandwich beam increases with an increase in the 
CNT volume fraction *
cnV  but decreases as the slenderness ratio L/h increases. The C-C sandwich 
beam has a higher critical buckling load than the same H-H beam. Furthermore, the critical buckling 
load of the sandwich beam with FG-CNTRC face sheets is also higher than that of the beam with 
UD-CNTRC face sheets. This is because the sandwich beam with FG-CNTRC face sheets has a 
higher stiffness than the beam with UD-CNTRC face sheets. It is also noted in Table 3.5 that at *cnV
= 0.12, the critical buckling load for both C-C and H-H beams becomes slightly lower as the core-to-
face sheet thickness ratio hc/hf decreases, which is different from the cases with 
*
cnV = 0.17 and 
*
cnV = 
0.28. The reason is that as the core-to-face sheet thickness ratio hc/hf decreases, the stiffness of the 
sandwich beam slightly declines at *cnV =0.12 but increases at 
*
cnV = 0.17 and 
*
cnV = 0.28. 
Figure 3.2 plots the critical buckling load of C-C sandwich beams with different core-to-face sheet 
thickness ratio hc/hf. Here, the CNT volume fraction is 
*
cnV = 0.28. The critical buckling load of the 
sandwich beams is seen to decrease slightly with an increase in hc/hf whereas it experiences a 
significant drop when L/h changes from 10 to 40. At L/h >80, the critical buckling load is almost 
unaffected by the change of L/h due to the fact that this corresponds a slender beam structure whose 
buckling load is independent of slenderness ratio. 
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Figure 3.2. Effect of core-to-face sheet thickness ratio on the dimensionless buckling load of C-C sandwich 
beams with FG-CNTRC face sheets (
*
cn
V = 0.28). 
3.6.3. Free vibration 
This section presents the free vibration analysis of sandwich beams with CNTRC facings. The natural 
frequencies without the action of initial axial load are given in Tables 3.6-3.8 and Figure 3.3. Table 
3.6 shows the effect of nanotube volume fraction *cnV on the first three natural frequencies for C-C 
and H-H sandwich beams. The CNT volume fraction is taken to be *cnV = 0.17 in Table 3.7 and Table 
3.8 which illustrate the effects of slenderness ratio L/h and core-to-face sheet thickness ratio hc/hf, 
respectively. It is observed that the natural frequencies of sandwich beams increase at a higher CNT 
volume fraction *cnV  and a lower core-to-face sheet thickness ratio hc/hf for both FG- and UD-CNTRC 
face sheets, but decrease at a bigger slenderness ratio L/h. Similarly to the observation in static 
buckling analysis, the fundamental frequency of the sandwich beam with FG-CNTRC face sheets are 
slightly higher than that of the beam with UD-CNTRC face sheets. Also, the C-C sandwich beam has 
a higher natural frequency than its H-H counterpart. 
Table 3.6 Effect of nanotube volume fraction on the first three dimensionless natural frequencies of sandwich 
beams with CNTRC face sheets (L/h = 20, hc/hf = 8). 
Mode 
C-C   H-H 
*
cn
V = 0.12 
*
cn
V = 0.17 
*
cn
V = 0.28  
*
cn
V = 0.12 
*
cn
V = 0.17 
*
cn
V = 0.28 
1 
FG 0.3240 0.3530 0.4032  0.1453 0.1588 0.1825 
UD 0.3195 0.3470 0.3949  0.1432 0.1560 0.1785 
2 
FG 0.8704 0.9443 1.0699  0.5730 0.6247 0.7147 
UD 0.8588 0.9291 1.0492  0.5650 0.6140 0.6997 
3 
FG 1.6520 1.7838 2.0029  1.2599 1.3689 1.5554 
UD 1.6313 1.7569 1.9672  1.2429 1.3465 1.5246 
 
Table 3.7 Dimensionless natural frequencies for sandwich beams with CNTRC face sheets and different values 
of L/h (hc/hf = 8, 
*
cn
V = 0.17). 
Mode  
C-C  H-H 
L/h = 10 L/h = 20 L/h = 30  L/h = 10 L/h = 20 L/h = 30 
1 
FG 0.6590 0.3530 0.2387  0.3124 0.1588 0.1062 
UD 0.6491 0.3470 0.2345  0.3070 0.1560 0.1043 
2 
FG 1.6483 0.9443 0.6487  1.1756 0.6247 0.4217 
UD 1.6276 0.9291 0.6377  1.1574 0.6140 0.4143 
3 
FG 2.9174 1.7838 1.2491  2.4285 1.3689 0.9371 
UD 2.8865 1.7569 1.2285  2.3958 1.3465 0.9210 
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Figure 3.3 depicts the effect of the core-to-face sheet thickness ratio hc/hf on the dimensionless 
fundamental frequency of C-C sandwich beams with FG-CNTRC face sheets. As stated above, in this 
example the thickness of the host sandwich beam is kept constant (h =10 mm) and the length L and 
thickness of the core layer and face sheets are adjusted so that the core-to-face sheet thickness ratio 
hc/hf = 8, 6, 4. It can be seen that the fundamental frequency decreases exponentially with an increase 
in slenderness ratio L/h, and quite similar to the observation in buckling analysis, the fundamental 
frequency tends to be much less affected when L/h is sufficiently large. 
Table 3.8 Dimensionless natural frequencies for C-C sandwich beams with CNTRC face sheets and different 
values of hc/hf (L/h = 20, 
*
cn
V = 0.17). 
Mode 
 C-C  H-H 
 hc/hf = 8 hc/hf = 6 hc/hf = 4  hc/hf = 8 hc/hf = 6 hc/hf = 4 
1 
FG 0.3530 0.3644 0.3854  0.1588 0.1642 0.1743 
UD 0.3470 0.3552 0.3696  0.1560 0.1599 0.1668 
2 
FG 0.9443 0.9726 1.0240  0.6247 0.6452 0.6831 
UD 0.9291 0.9495 0.9848  0.6140 0.6288 0.6548 
3 
FG 1.7838 1.8329 1.9203  1.3689 1.4114 1.4887 
UD 1.7569 1.7922 1.8522  1.3465 1.3771 1.4303 
 

























Figure 3.3. Effect of core-to-face sheet thickness ratio hc/hf on dimensionless fundamental frequency of C-C 
sandwich beams with FG-CNTRC face sheets (
*
cn
V = 0.28). 
The effect of initial axial load 0xN  on the natural frequencies of sandwich beams with CNTRC face 
sheets is also investigated and the typical results are shown in Figures 3.4-3.6, in which j is the jth 
mode dimensionless frequency and crN  is the dimensionless critical buckling load; 10  is the 
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dimensionless fundamental frequency of the same sandwich beam without initial axial load, i.e. 0xN
= 0. 0xN >0 and 0xN <0 denote a compressive and tensile load, respectively. The x-axis in Figures 4-
6 represents the normalized axial load 0 /x crN N  ranging from -0.8 to 0.8. In the following examples, 
L/h = 20, hc/hf = 8. The CNT volume fraction 
*
cnV = 0.17 in Figure 4 and 
*
cnV = 0.28 in Figures 5-6, 
respectively. 
Figure 3.4 demonstrates the effect of initial axial load on the first three dimensionless frequencies for 
the sandwich beam with FG-CNTRC face sheets. The natural frequencies decrease with an increase 
in compressive axial load (i.e. 0xN >0), but tend to be higher with an increase in tensile axial load (i.e. 
0xN <0). The effect of the axial load is more significant on the C-C sandwich beam than on the H-H 
beam. This is further confirmed in Figure 3.5 where the fundamental frequencies of beams with 
different CNT volume fractions *cnV  under an axial load are compared. It is observed that the 
fundamental frequency is decreased for both C-C and H-H sandwich beams as 0 /x crN N  is increased, 
with the former being more noticeable than the latter. The results also indicate that the sandwich beam 
with a higher CNT volume fraction *cnV  is more sensitive to the initial axial load, as evidenced by the 
biggest frequency drop for *cnV = 0.28 as 0 /x crN N changes from -0.8 to 0.8.  
Figure 3.6 shows the squared fundamental frequency ratio 21 10( / )   versus normalized axial load 
0 /x crN N curves for C-C sandwich beam with FG-CNTRC face sheets, where the solid line represents 
the linear relationship between 21 10( / )   and 0 /x crN N  predicted by Euler-Bernoulli beam theory 
[32, 33]. For the sandwich beam in present analysis, however, the result slightly deviates from this 
linear relationship, especially for beams with a smaller slenderness ratio and subjected to a higher 
axial tensile load. 
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Figure 3.4. The first three dimensionless natural frequencies for axially loaded sandwich beam with FG-











































Figure 3.5. Effect of CNT volume fraction 
*
cn
V  on dimensionless fundamental frequency versus axial load 
curves of the sandwich beam with FG-CNTRC face sheets (L/h = 20, hc/hf = 8). 
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Figure 3.6. Dimensionless fundamental frequency ratio versus initial axial load for C-C sandwich beams 
with FG-CNTRC face sheets (hc/hf = 8, 
*
cn
V = 0.28). 
3.7. Conclusions 
The free vibration and elastic buckling behaviour of sandwich beams with CNTRC face sheets are 
investigated based on Timoshenko beam theory and DQ method. A detailed parametric study is 
conducted to reveal the effects of CNT volume fraction, core-to-face sheet thickness ratio, slenderness 
ratio, and end supporting condition on the free vibration characteristics and static buckling of stiff-
cored sandwich beams with CNTRC face sheets. The vibration behaviour of the sandwich beam under 
axial loads is also discussed. Numerical results show that CNT volume fraction, slenderness ratio, 
and end supporting conditions have a significant influence on the natural frequencies as well as the 
critical buckling loads, whereas the effect of core-to-face sheet thickness ratio is much less 
pronounced. The natural frequencies of the sandwich beam decrease with an increase in compressive 
axial load, but increase with an increase in tensile axial load. The numerical results also show that the 
sandwich beam with FG-CNTRC face sheets has higher vibration and buckling performance than the 
beam with UD-CNTRC face sheets. 
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4. IMPERFECTION SENSITIVITY OF FG-CNTRC BEAMS 
The high performance composite structures are frequently used in situations where they are subjected 
to thermal and mechanical loads. Inevitably, these structures possess initial geometric imperfections 
that occur during the fabrication process or develop during their service life. Those geometric 
imperfections have considerable effects on the static and dynamic behaviours of isotropic and 
composite beams. Therefore, the accurate prediction of mechanical response of imperfect FG-
CNTRC beams under thermal and mechanical loads is of great importance in engineering design. 
In previous studies, the initial imperfections are assumed to be of the same shape as the buckling 
mode of the structures. This is, however, not often the case in real situations as the initial geometric 
imperfections may come in various shapes and be either globally or locally distributed in the beam. 
In this chapter, we employ a generic imperfection model in the form of the product of trigonometric 
and hyperbolic functions to simulate the various possible geometric imperfections such as sine type, 
global and localized imperfections. The influences of various possible geometric imperfections on 
mechanical responses of FG-CNTRC beams are subsequently investigated in the following order: 
(1) Section 4.1 investigates the imperfection sensitivity of postbuckling behaviour of FG-CNTRC 
beams under an in-plane compressive load; 
(2) Section 4.2 analyses the imperfection sensitivity of thermal postbuckling behaviour of FG-
CNTRC beams subjected to uniform and nonuniform temperature variations; 
(3) Section 4.3 examines the effects of various geometric imperfections on the nonlinear vibration 
behaviour of FG-CNTRC beams. 
Three journal papers are incorporated as Section 4.1-4.3, respectively. 
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4.1. Imperfection Sensitivity of Postbuckling Behaviour of FG-CNTRC Beams 
Helong Wu1, Jie Yang2*, Sritawat Kitipornchai1 
1 School of Civil Engineering, the University of Queensland, Brisbane, St Lucia 4072, Australia 
2 School of Aerospace, Mechanical and Manufacturing Engineering, RMIT University, PO Box 71, 
Bundoora, VIC 3083 Australia 
This paper has been published in the Thin-Walled Structures. 
4.1.1. Abstract 
The imperfection sensitivity of the postbuckling behaviour of functionally graded carbon nanotube-
reinforced composite (FG-CNTRC) beams subjected to axial compression is investigated based on 
the first-order shear deformation beam theory with a von Kármán geometric nonlinearity. The 
material properties of FG-CNTRC are assumed to vary in the beam thickness direction and are 
estimated according to the extended rule of mixture. The differential quadrature method is employed 
to discretize the governing differential equations and the modified Newton-Raphson iterative 
technique is used to obtain the postbuckling equilibrium paths of FG-CNTRC beams with various 
imperfections. Parametric studies are carried out to examine the effects of imperfection mode, half-
wave number, location, and amplitude on the postbuckling response of beams. The influences of CNT 
distribution pattern and volume fraction, boundary conditions, and slenderness ratio are also 
discussed. Numerical results in graphical form show that the postbuckling behaviour is highly 
sensitive to the imperfection amplitude. The imperfection mode and its half-wave number also 
moderately affect the imperfection sensitivity of the postbuckling response, whereas the effects of 
other parameters are much less pronounced. 
Keywords: postbuckling; functionally graded materials; carbon nanotube reinforced composites; 
imperfection sensitivity; differential quadrature method 
4.1.2. Introduction 
Due to various manufacturing and environmental factors, geometric imperfections of engineering 
structures, like beams and plates, are inevitably generated during the manufacturing process. The 
static and dynamic behaviours of imperfect beams have been extensively studied. Among those, 
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Sheinman and Adan [1] studied the imperfection sensitivity of an isotropic beam on a nonlinear elastic 
foundation. They found that the effect of imperfection shape and amplitude on the nonlinear 
behaviour is significant. Fang and Wickert [2] investigated the static deformation of micromachined 
beams with slight imperfections under in-plane compressive stress in both pre-buckling and 
postbuckling domain. It was found that buckling behaviour in the transition region is sensitive to the 
net level of imperfection. Azrar et al. [3] reported linear and nonlinear vibrations of deformed 
sandwich piezoelectric beams with initial imperfections. Based on the classical beam theory, Emam 
[4] investigated the static and dynamic response of geometrically imperfect composite beams; 
Yaghoobi and Torabi [5] carried out postbuckling and nonlinear vibration analysis of geometrically 
imperfect FGM beams resting on nonlinear elastic foundation. However, these studies are based on 
the simplified assumption that the initial geometric imperfection shape is the same to the first buckling 
mode of the beam or is assumed to be a particular shape for simplicity, like a sinusoidal shape. The 
investigations involving generic geometric imperfections are limited in number owing to the lack of 
sufficient information about the exact size and shape of the actual imperfections [6]. Most recently, 
Li [7] conducted a thermal postbuckling analysis of imperfect 3D braided composite beams based on 
first-order shear deformation beam theory. Li and Qiao [8] examined the postbuckling behaviour of 
shear deformable anisotropic laminated composite beams with initial imperfections. In their studies, 
a generic imperfection function from the one-dimensional imperfection mode for struts by Wadee [9] 
was adopted to simulate various possible initial geometric imperfections. All these studies mentioned 
above indicate that the mechanical behaviour of beam structures is sensitive to the presence of a small 
imperfection, which means that the geometric imperfections may result in a significant deterioration 
of the beams’ resistance ability to compressive load. Therefore, the accurate prediction of the 
postbuckling response of imperfect beams is a great of importance in engineering design. 
Since discovered in 1991 by Iijima [10, 11], carbon nanotubes (CNTs) are considered as one of the 
strongest and stiffest material in terms of tensile strength and elastic modulus [12, 13]. Due to the 
extraordinary mechanical, thermal and electrical properties [14, 15], CNTs find promising 
applications as reinforcements for polymer composites. Composites reinforced with CNTs 
(CNTRCs) possess the advantages of significantly increased strength and stiffness over the 
conventional carbon fibre-reinforced composites [16-18]. However, previous studies [19, 20] 
concerning CNTRCs have indicated that increasing the amount of CNTs beyond a certain weight 
fraction reduces the interfacial strength between CNTs and the matrix, which results in a deterioration 
of their mechanical properties [21]. This can be attributed to that distributing CNTs uniformly or 
randomly in the matrix, the resulting mechanical properties do not vary spatially at the macroscopic 
level. Stimulated by the concept of functionally graded materials (FGMs), which are inhomogeneous 
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composites characterized by a smooth and continuous variation in composition and material 
properties [22, 23], Shen [24] suggested distributing CNTs functionally in the matrix so as to improve 
mechanical properties of CNTRC with a low CNT volume fraction. In 2011, Kwon et al. [25] 
successfully fabricated the functionally graded CNT-reinforced aluminium matrix composite by a 
powder metallurgy route, which strongly supports the concept of functionally graded CNTRCs (FG-
CNTRCs).  
Several studies on perfect FG-CNTRC beams are available in the literature [26]. Among those, Ke et 
al. investigated the nonlinear free vibration [27] and dynamic stability [28] of FG-CNTRC beams and 
found that frequencies of FG-CNTRC beam with symmetrical functional distribution of CNTs are 
higher than those of beams with uniform or unsymmetrical distribution of CNTs. Yas and Samadi 
[29] conducted a free vibration and buckling analysis of FG-CNTRC beams resting on an elastic 
foundation. Their results showed that the natural frequencies and critical buckling load increase by 
using an elastic foundation. The similar problem was analytically studied by Wattanasakulpong and 
Ungbhakorn [30] using different shear deformation theories. It was found that the higher-order shear 
deformation theories play an important role in predicting shear stress. Based on the first- and third-
order beam theories, Lin and Xiang [31] studied the linear free vibration of nanocomposite beams 
reinforced by SWCNTs. Their results showed that the frequencies increases significantly when CNT 
volume fraction varies from 0.12 to 0.17 but have only a small increase when CNT volume fraction 
changes from 0.17 to 0.28. In recent years, researches [32-34] on the forced vibration of FG-CNTRC 
beams have also been conducted based on Timoshenko beam theory. Rafiee et al. [35] reported a 
nonlinear thermal bifurcation buckling analysis of FG-CNTRC beams with surface-bonded 
piezoelectric layers. It was found that the beam with intermediate CNT volume fraction does not have 
intermediate buckling temperature in some cases. Most recently, Wu et al. [36] analysed the free 
vibration and buckling of sandwich beams with FG-CNTRC face sheets and found that the sandwich 
beam with FG-CNTRC face sheets has higher natural frequency and buckling load than the beam 
with UD-CNTRC face sheets. Yang et al. [37] investigated the dynamic buckling behaviour of FG-
CNTRC beams integrated with two surface bonded piezoelectric layers and found that the dynamic 
buckling behaviour is remarkably affected by temperature change, compressive force and beam 
geometry but is much less sensitive to the applied voltage. 
All of the aforementioned works dealt with perfect CNTRC beam structures only. To the best of the 
authors’ knowledge, however, no previous work has been done on the sensitivity of the postbuckling 
behaviour of shear deformable FG-CNTRC beams to initial generic geometric imperfections. This 
paper investigates the nonlinear postbuckling behaviour of shear deformable FG-CNTRC beams with 
initial geometric imperfections within the framework of first-order shear deformation beam theory. 
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Instead of assuming the imperfection possesses the same shape as the buckling mode, a variety of 
sine-type, local type, and global type imperfections are considered. The differential quadrature (DQ) 
method and an iteration procedure are utilized to obtain the postbuckling equilibrium paths for 
imperfect beams. Comprehensive numerical results are provided to examine the effects of the 
geometric imperfections as well as other system parameters on the postbuckling behaviour of FG-
CNTRC beams under axial compression. 
4.1.3. Effective material properties of CNTRCs 
The CNTRC is made from a mixture of CNTs and an isotropic matrix. The volume fraction of CNTs 
is assumed to vary continuously along the thickness of the beam. Two distribution patterns of CNTs, 
i.e. functionally graded distributions (FGX and FGO) and uniform distribution (UD) are considered 
here and shown in Figure 4.1. According to the extended rule of mixture, the effective material 
properties of CNTRC can be calculated from [24] 
cn














   (4.3) 
in which cn11E , 
cn
22E  and 
cn
12G  are the Young’s moduli and shear modulus of CNTs, respectively. mE  
and mG  are the counterparts of the matrix. i  (i=1, 2, 3) are the CNT efficiency parameters 
accounting for the size-dependent material properties and are determined by matching the elastic 
modulus of CNTRCs observed from the molecular dynamics simulation with those predicted from 
the rule of mixture. cnV  and mV , related by cnV + mV =1, are the volume fractions of the CNTs and 
matrix, respectively. Similarly, the effective Poisson’s ratio and density of the CNTRC can be 
expressed as  
cn
12 cn 12 m mv V v V v   (4.4) 
cn cn m mV V     (4.5) 
where cn12v  and mv  are Poisson’s ratios of the CNT and matrix; cn and m  are the densities of the 
CNT and matrix, respectively. 
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(a)                     (b)                     (c) 
Figure 4.1. CNT distribution patterns in the cross section of a CNTRC beam: (a) FGX-CNTRC, (b) FGO-
CNTRC and (c) UD-CNTRC. 



















UD: *cn cnV V  (4.8) 
*
cnV  is the total volume fraction of CNTs and calculated from 
* cn
cn
cn cn m cn m cn( / ) ( / )
w
V




in which cnw  is the mass fraction of CNTs. It is noticeable in Eqs. (4.6)-(4.8) that the total mass 
fractions of CNTs for the FGX-, FGO- and UD-CNTRC beams are equal. 
4.1.4. Theoretical formulations 
 Governing equations 
An imperfect CNTRC beam of length L and thickness h is considered and defined in a Cartesian 
coordinate system as shown in Figure 4.2. In accordance with the first-order shear deformation beam 
theory, the displacement field of an arbitrary point within the beam in the xz- plane, denoted by U (x, 
z) and W (x, z) respectively, can be expressed as 
 ,  ( ) ( )U x z U x z x  ,        *,  ( ) ( )W x z W x W x   (4.10) 
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where U and W are the additional longitudinal and transverse displacements in the mid-plane that are 
caused by axial compression,  is the rotation of the beam cross-section, and W* is the initial 
geometric imperfection in the z-direction. 
 
Figure 4.2. A CNTRC beam and its coordinate system 
Instead of assuming the imperfection shape to be the same as the first buckling mode, a generic 
imperfection function from the one-dimensional imperfection mode [9] was adopted in present study 
to simulate various possible imperfection modes, such as sine-type, global-type, and local-type 
imperfections. The initial geometric imperfection W* for CNTRC beams takes the form of the 
products of trigonometric and hyperbolic functions as 
   * 0 sech - cos -W A h a x L c b x L c         (4.11) 
where A0 is the dimensionless amplitude of initially deflected geometry, a is the constant that defines 
the degree of localization of the imperfection that is symmetric about x/L = c, and b is the half-wave 
number of the imperfection in the x-direction. 
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The normal resultant force, bending moment, and transverse shear force are calculated from 
2 *
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 (4.13) 
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The governing equations for an imperfect CNTRC beam can be derived from the variational principle: 
p 0V     (4.18) 


















x x x x x
V Q Q z x
U W W W W
N M N N Q x







         
         














    
   
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  (4.20) 
Substituting Eq. (4.19) and (4.20) into Eq. (4.18), integrating by parts and setting the coefficients of 
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The corresponding boundary conditions at the ends of an imperfect beam (x=0, L) require 
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, 0   or 0xM   (4.24) 
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 Dimensionless procedure 
By introducing the following dimensionless quantities: 
x
L
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  (4.25) 
where A110 is the value of A11 of a homogeneous beam made from pure matrix material, and 
substituting Eqs. (4.13)-(4.15) into Eqs. (4.21)-(4.23), the governing equations can then be expressed 
in dimensionless form as 
2 2 2 2 * 2 *
11 11 112 2 2 2 2
0




       
        
     
        
 (4.26) 
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 (4.27) 
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           
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 (4.28) 
The associated boundary conditions can also be rewritten in dimensionless form as 
u =0, w =0,  =0, at  = 0, 1, (4.29) 
for a clamped-clamped (C-C) imperfect CNTRC beam and 
u =0, w =0, 
2 *




u w w w
b d b b

 
    
     
    
     
 at  = 0, 1 (4.30) 
for a hinged-hinged (H-H) beam. The dimensionless imperfection function then has the form of 
*
0sech[ ( - )]cos[ ( - )]w A a c b c    (4.31) 
4.1.5. Solution method 
The DQ method [38, 39] combined with an iteration process is used to solve the governing equations 
to obtain the postbuckling response of imperfect CNTRC beams. To begin with, the partial 
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differential governing equations are converted into a set of ordinary differential equations based on 
the DQ discretization rules. The displacement components u, w,  and their kth derivatives with 
respect to  can be approximated by  
1
{ , , } ( ){ , , }
N
m m m m
m
u w l u w  

 , and  
1
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C can be calculated using recursive formula [38-40]. N is the total number of nodes 
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, i = 1, 2, …, N (4.33) 
Substituting Eq. (4.32) into Eqs. (4.26)-(4.28) leads to a set of ordinary differential equations: 
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 (4.36) 
The boundary conditions can be handled in the same way: 
1 0u  , 1 0w  , 1 0  , at  = 0 (4.37) 
0Nu  , 0Nw  , 0N  , at  = 1 (4.38) 
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for a C-C imperfect CNTRC beam and 
1 0u  , 1 0w  , 
       
1 1 1 1
2 *
1 1 1 1
11 11
1 1 1 10
1
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     
   
    , at  = 0 (4.39) 
0Nu  , 0Nw  , 
       
2 *
1 1 1 1
11 11
1 1 1 11
1
0
2Nm Nm Nm Nm
N N N N
m m m m
m m m m
w
b C u C w C w d C

  
   
  
     
   
    , at  = 1 (4.40) 
for an H-H imperfect CNTRC beam. 
Denoting the unknown displacement vector 
 
T
T T T{ } ,{ } ,{ }i i iu w d , i = 1, 2, …, N (4.41) 
Eqs. (4.34)-(4.36) and the associated boundary conditions can be expressed in a matrix form as 
   L1 L2 NL1 NL2P    K K d K K d R 0  (4.42) 
where L1K , L2K , NL1K  and NL2K  are 3N×3N stiffness matrices, among which L1K  and L2K  are 
constant matrices while elements in NL1K  and NL2K  are linear and quadratic functions of the 
unknown vector d, respectively. Vector R is due to the initial geometric imperfection or the bending 
moments appearing in the boundary conditions at the hinged ends.  
For a perfect beam (i.e. w* = 0), R will vanish in the absence of the stretching-bending coupling effect 
(i.e. B11 = 0) or when the beam is fully clamped at both ends [41]. That is, the pitchfork bifurcation 
type buckling does occur. By dropping R and eliminating w* related terms in Eq. (4.42), the 
postbuckling equilibrium path of perfect CNTRC beams can be obtained by the iteration procedure 
detailed by Liew et al. [42]. For an imperfect beam (i.e. w* ≠ 0), R will be nonzero and Eq. (4.42) has 
a nontrivial solution. This indicates that the imperfect beam will undergo a transverse deflection under 
an in-plane load, no matter how small the value of the load is. Thus, the pitchfork bifurcation type 
buckling does not exist in imperfect beams. In this case, the nonlinear governing equation Eq. (4.42) 
can be solved by the Newton-Raphson iterative procedure [43, 44]. Considering dk as an approximate 
solution at the kth iteration, the correction to the appropriate solution, denoted as ∆dk, is given by 
   
1
Tan L1 L2 NL1 NL2k kP

       d K R K K K K d , (4.43) 
where KTan is the tangent stiffness matrix, and is defined as 
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Tan L1 L2 NL1 NL22 3P   K K K K K . (4.44) 
Ktan, KNL1 and KNL2 can be evaluated based on the approximate trial solution dk. The displacement 
vector is updated at the end of each iteration using 
1k k k  d d d . (4.45) 














is satisfied. By finding the unknown displacement vectors at different values of axial load P, the 
nonlinear postbuckling response can be obtained for imperfect CNTRC beams. 
4.1.6. Results and discussion 
 Convergence and comparison studies 
Convergence and comparison studies are first conducted to validate the present formulations and 
solution procedure. To this end, the dimensionless postbuckling deflections at varying number of grid 
points N are calculated and compared in Table 4.1 for imperfect FGX-CNTRC beams under a given 
axial load. wc is the dimensionleass deflection at the beam centre. Numerical solutions converge well 
at N ≥ 39. Therefore, N = 39 is used in all the following numerial calculations. 
Table 4.1 Convergence of dimensionless postbuckling deflection wc for C-C FGX-CNTRC beams with 
different geometric imperfections (V
* 
cn = 0.17, L/h = 40, PNL = 0.2, A0 = 0.01). 
N 
Imperfection mode 
Sine G1 G2 G3 L1 L2 L3 L4 
9 1.450 1.488 1.877 6.909 2.117 2.226 2.379 2.204 
15 1.060 1.055 1.055 1.131 1.097 1.108 1.146 1.215 
21 1.061 1.056 1.055 1.064 1.070 1.072 1.084 1.110 
27 1.061 1.056 1.055 1.062 1.065 1.066 1.069 1.075 
33 1.061 1.056 1.055 1.062 1.064 1.065 1.066 1.068 
39 1.061 1.056 1.055 1.062 1.064 1.064 1.065 1.067 
45 1.061 1.056 1.055 1.062 1.064 1.064 1.065 1.066 
51 1.061 1.056 1.055 1.062 1.064 1.064 1.065 1.066 
 
In addition, the postbuckling equilibrium paths of symmetrically laminated beams that are made of 
graphite /epoxy and subjected to an axial compressive load are calculated and compared with those 
given by Gupta et al. [45] in Figure 4.3. In this instance, the laminated beam has a length of 250 mm, 
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a width of 10 mm, and a height of 1 mm. The material properties adopted here are: 11E = 155 GPa, 
22E = 12.1 GPa, 12G = 4.4 GPa, and 12 = 0.248. The comparison illustrates that the present results 
agree well with those of Gupta et al. [45]. 
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Figure 4.3. Comparison of postbuckling equilibrium paths for the (a) C-C and (b) H-H perfect laminated 
beams under axial compression. 
 Parametric studies 
In this section, we present the results for the nonlinear postbuckling of FG-CNTRC beams with 
different boundary conditions and slenderness ratios. Those of UD-CNTRC beams are also given for 
a direct comparison. The poly (methyl methacrylate), i.e. PMMA with mE =2.5 GPa, m =1190 kg/m
3 
and mv =0.3, is selected as the matrix material for CNTRCs. The armchair (10, 10) SWCNTs, with 
material properties of cn11E =5.6466 TPa, 
cn
22E  = 7.08 TPa, 
cn
12G = 1.9445 TPa, cn = 1400 kg/m
3 and 
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cn
12v = 0.175 at room temperature [46], are used as the reinforcements. The CNT efficiency parameters 
1  and 2  can be determined by matching the Young’s moduli 11E  and 22E  of CNTRCs obtained 
from the rule of mixture to those from the molecular dynamics simulations given by Han and Elliott 
[47]. 1 = 0.137 and 2 = 1.022 are used for the case of 
*
cnV =0.12, 1 = 0.142 and 2 = 1.626, for 
*
cnV
= 0.17, and 1 = 0.141 and 2 = 1.585 for 
*
cnV = 0.28. Since there are no molecular dynamics results 
available for the shear modulus 12G , the assumption of 3 20.7   [46] is used in current study. 
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In what follows, parametric studies are conducted to investigate the imperfection sensitivity of 
postbuckling behaviour of CNTRC beams subjected to axial compression. To this end, nine different 
imperfection modes are involved in the following numerical illustrations with parameters 
a = 0, b = 1, c = 0.5 
for sine-type imperfection, 
G1-mode: a = 0, b = 2, c = 0.5 
G2-mode: a = 0, b = 3, c = 0.5 
G3-mode: a = 0, b = 7, c = 0.5 
for global-type imperfections, and 
L1-mode: a = 15, b = 2, c = 0.5 
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L2-mode: a = 15, b = 3, c = 0.5 
L3-mode: a = 15, b = 5, c = 0.5 
L4-mode: a = 15, b = 7, c = 0.5 
for local-type imperfections. The mode shapes of these imperfections are listed in Table 4.2. 
Unless otherwise stated, the postbuckling equilibrium paths, in the form of dimensionless 
postbuckling load PNL plotted against the dimensionless central deflection cw  (i.e. the value of w at  
= 0.5), are presented for imperfect C-C FGX-CNTRC beams with a thickness h = 0.1 m, slenderness 
ratio L/h = 40, imperfection amplitude 0A = 0.01 and 
*
cnV = 0.17. The solid lines and dashed lines in 
all figures indicate the results of imperfect and perfect CNTRC beams, respectively. 
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Figure 4.4. Compressive postbuckling equilibrium paths for perfect and imperfect CNTRC beams with 
different CNT distribution patterns 
Figure 4.4 compares the postbuckling equilibrium paths for imperfect CNTRC beams with different 
distribution patterns of CNTs, i.e. FGX-, FGO- and UD-CNTRC beams. The sine-type, local-type 
(L1-mode), and global-type (G1-mode) geometric imperfections are considered in this example. As 
can be seen, at the beginning the postbuckling equilibrium paths of imperfect beams increase 
significantly but are lower than that of the same perfect beams. The difference between postbuckling 
load-deflection curves for imperfect and perfect beams becomes much less pronounced with the 
deflection increasing. It is found that the FGX-CNTRC beam has the highest postbuckling 
equilibrium path, followed by UD- and FGO-CNTRC beams in order. We can also see that the FGX 
distribution pattern of CNTs leads to a higher buckling load for perfect CNTRC beams. Those 
indicate that the CNTRC beam with FGX distribution pattern has higher resistance to buckling and 
postbuckling than the beams with UD and FGO distribution patterns. In addition, the imperfect 
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CNTRC beam with G1-mode imperfection has a lower postbuckling load at a small scale deflection 
than that of the beams with sine-type and L1-mode imperfections. However, the postbuckling curves 
of imperfect beams with sine-type and L1-mode imperfections are almost overlapped and closer to 
that of perfect beams. This is also confirmed in Figures 5, 10 and 11. 
Figure 4.5 demonstrates the influence of CNT volume fraction on the postbuckling equilibrium path 
of the FG-CNTRC beam. As expected, the postbuckling load-deflection curves of both perfect and 
imperfect FG-CNTRC beams rise with an increase in the CNT volume fraction. However, no 
significant influence is observed of the variation in CNT volume fraction on the sensitivity of the 
postbuckling behaviour to imperfections. 
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Figure 4.5. Compressive postbuckling equilibrium paths for FG-CNTRC beams with varying CNT volume 
fractions. 
The effect of imperfection mode on the postbuckling behaviour of imperfect FG-CNTRC beams is 
studied in Figures 6 and 7, in which the global-type and local-type imperfections that are symmetric 
about the beam centre ( = 0.5) are considered, respectively. In Figure 4.6, the half-wave numbers 
are 2, 3, and 7 for the G1-, G2-, and G3- modes, respectively. The result for sine-type imperfection 
is also given since it can be treated as a special case of global imperfection mode with the half-wave 
number b = 1. It can be seen that the difference between the postbuckling equilibrium paths for 
different global imperfections is significant only at the deflection range of cw = 0 ~ 0.4, at which the 
postbuckling load is increased as the half-wave number increases for the global-type imperfections. 
Although with one half-wave, the sine-type imperfection does not have the lowest postbuckling 
equilibrium path. 
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Figure 4.6. Compressive postbuckling equilibrium paths for FG-CNTRC beams with sine-type and various 
global-type imperfections 
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Figure 4.7. Compressive postbuckling equilibrium paths for FG-CNTRC beams with various local-type 
imperfections. 
The sensitivity of the postbuckling behaviour of FG-CNTRC beams to unsymmetrically distributed 
local imperfections is also investigated. This is undertaken by changing the location of the geometric 
centre of L3-mode imperfection. The postbuckling equilibrium paths for five cases (c = 0.1, 0.2, 0.3, 
0.4, and 0.5), in which only c = 0.5 indicates the symmetrically distributed L3-mode imperfection, 
are calculated and compared in Figure 4.8. It is noted that the imperfect FG-CNTRC beams with c = 
0.1 and 0.2 have a negative deflection under axial compression and they have almost identical 
postbuckling responses with that of the perfect FG-CNTRC beam when cw  is over around -0.2. This 
indicates that the imperfect FG-CNTRC beam with the geometric centre of the imperfection 
approaching the beam ends may deflect in the opposite direction to the imperfection. It is noted that 
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the postbuckling curves of c = 0.3 and 0.4 are almost symmetrical with those of c = 0.1 and 0.2. The 
postbuckling equilibrium path of the imperfect beam with a symmetrical imperfection (c = 0.5), 
however, is most lowered. 
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Figure 4.8. Compressive postbuckling equilibrium paths for FG-CNTRC beams with varying locations in 
local-type imperfections. 
We next examine the effect of imperfection amplitude on the postbuckling sensitivity of FG-CNTRC 
beams. Figure 4.9 depicts the compressive postbuckling load-deflection curves for imperfect FG-
CNTRC beams with different imperfection amplitudes 0A  = 0.01, 0.05, and 0.1. The results reveal 
that the postbuckling response of FG-CNTRC beams is highly sensitive to the imperfection amplitude. 
To be specific, the postbuckling curves get lower as the imperfection amplitude increases for all 
imperfections, among which the G1-mode imperfection leads to the most lowered curve, followed by 
the sine-type and L1-mode imperfections. It is also observed that the postbuckling curves of imperfect 
beams gets higher than that of the perfect beam when the deflection is sufficiently large. 
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Figure 4.9. Compressive postbuckling equilibrium paths for FG-CNTRC beams with varying imperfection 
amplitudes. 
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The effects of boundary conditions and slenderness ratio on postbuckling behaviour of FG-CNTRC 
beams with different types of imperfection are investigated in Figures 10 and 11, respectively. The 
postbuckling equilibrium paths of imperfect beams with different boundary conditions are compared 
in Figure 4.10. The results show that the postbuckling curve of the C-C FG-CNTRC beam is 
considerably higher than that of the H-H beam. Contrary to the C-C beam, we note that the difference 
between the postbuckling curves of the H-H beam with a sine type and L1-mode imperfections is 
more obvious than that of the C-C beam. However, the overall effect of boundary condition on the 
imperfection sensitivity of the postbuckling response is insignificant. 
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Figure 4.10. Compressive postbuckling equilibrium paths for FG-CNTRC beams with C-C and H-H 
boundary conditions. 
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Figure 4.11. Compressive postbuckling equilibrium paths for FG-CNTRC beams with varying slenderness 
ratios. 
The postbuckling equilibrium paths for three cases of L/h = 30, 40, and 50 are computed and 
compared in Figure 4.11. It is found that all the postbuckling curves of imperfect beams are quite 
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close to that of perfect beams when cw  is larger than 0.2. The results indicate that the slenderness 
ratio considerably influences the postbuckling response but does not substantially affect the 
imperfection sensitivity of the postbuckling behaviour of FG-CNTRC beams. Note that the 
postbuckling equilibrium paths of the perfect and imperfect beams with a slenderness ratio L/h = 20 
stop at certain values of cw , which indicates that FG-CNTRC beams will lose the resistance ability 
to compressive load beyond these points. 
4.1.7. Conclusions 
In this paper, the imperfection sensitivity of the postbuckling behaviour of shear deformable FG-
CNTRC beams subjected to axial compression is investigated. The governing equations are derived 
based on the first-order shear deformation beam theory and variational principle, and are solved by 
using the DQ method combined with the modified Newton-Raphson iteration. Parametric studies are 
conducted to examine the effects of various geometric imperfection modes on the postbuckling 
response. The influences of distribution pattern and volume fraction of CNTs, slenderness ratio, and 
boundary conditions on the postbuckling behaviour are also evaluated. The results show that: 
(1) The CNTRC beam with FGX distribution pattern of CNTs has a higher buckling load and 
postbuckling equilibrium path, followed by the same beams with UD and FGO distribution 
patterns in order. The postbuckling of beams with initial geometric imperfections is no longer 
the bifurcation type. 
(2) The CNT volume fraction, boundary conditions, and slenderness ratio considerably affect the 
postbuckling curves but do not substantially influence the imperfection sensitivity of the 
postbuckling behaviour of imperfect FG-CNTRC beams. 
(3) The postbuckling equilibrium path of imperfect FG-CNTRC beams become closer to that of 
the perfect beam with an increase in half-wave number. 
(4) The postbuckling load-deflection curve is most lowered by a symmetrical imperfection. The 
deflection becomes negative as the geometric centre of a local imperfection approaches the 
beam ends, but the effect on the postbuckling load gets much less significant. 
(5) The postbuckling curve of imperfect FG-CNTRC beams is highly sensitive to the imperfection 
amplitude and is most lowered by the G1-mode imperfection, followed by the sine-type and 
G1-mode imperfections. 
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4.2.1. Abstract 
This paper investigates the imperfection sensitivity of thermal postbuckling behaviour of functionally 
graded carbon nanotube-reinforced composite (FG-CNTRC) beams subjected to in-plane temperature 
variation. The material properties of FG-CNTRCs are assumed to be graded in the thickness direction 
and temperature-dependent. A generic imperfection function is used to model various possible 
imperfections, including sine type, global and localized imperfections. The governing equations are 
derived based on the first-order shear deformation beam theory and von-Kármán geometric 
nonlinearity. The differential quadrature method in conjunction with modified Newton-Raphson 
technique is employed to determine the thermal postbuckling equilibrium path of imperfect FG-
CNTRC beams. Thermal buckling is treated as a subset problem. A parametric study is conducted to 
examine the effects of imperfection mode, half-wave number, location and amplitude on their thermal 
postbuckling performance. The influences of distribution pattern and volume fraction of carbon 
nanotubes, boundary conditions and slenderness ratio are discussed as well. The results indicate that 
the thermal postbuckling is highly sensitive to the imperfection mode, half-wave number, location as 
well as its amplitude. It is also shown that the clamped-clamped FG-CNTRC beam is more sensitive 
to imperfections than those with other boundary conditions whereas other parameters do not 
substantially affect the imperfection sensitivity of thermal postbuckling behaviour. 
Keywords: thermal postbuckling, functionally graded beam; Carbon nanotube-reinforced composite; 
geometric imperfection; differential quadrature method. 
4.2.2. Introduction 
Since their discovery [1, 2], carbon nanotubes (CNTs) are considered ideal reinforcements for high 
performance structural composites due to their extraordinary mechanical and thermal properties. 
Previous studies [3-6] revealed that compared with the conventional carbon fibre-reinforced 
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composites, carbon nanotube-reinforced composites (CNTRCs) have significantly increased strength 
and stiffness. One of the latest developments in CNTRCs is functionally graded carbon nanotube-
reinforced composites (FG-CNTRCs) [7] in which CNTs are distributed nonuniformly in the matrix 
to facilitate the effective use of the low percentage of CNTs in the composites. FG-CNTRCs can be 
prepared through a variety of processing techniques, such as powder metallurgy, melting and 
solidification, thermal spray, electromechanical deposition, etc. [8]. By a metallurgy powder route, 
Kwon et al. [9] successfully fabricated a functionally graded CNT-reinforced aluminium matrix 
composite. Composition-controlled carbon nanofiber/polymer nanocomposites were designed and 
fabricated by Bafekrpour et al. [10] using a combination of powder stacking and compression molding 
techniques. They found that such a gradient microstructure not only optimizes the mechanical 
properties, but also enables control of the thermal and electrical properties across the thickness of 
nanocomposites. Wang et al. [11] experimentally demonstrated that it is possible to fabricated 
functionally graded nanofiller-reinforced composite materials using the centrifugal method by 
modifying the surface of the nanofiller. The successful fabrications of those functionally graded 
nanocomposites experimentally prove the concept of FG-CNTRCs.  
Since FG-CNTRCs can best explore the potentials of CNTs towards the development of advanced 
lightweight nanocomposite structures and at the same time, meet the multifunctional requirements 
which are very difficult to achieve in conventional nanocomposites, they have been well accepted as 
the new generation nanocomposites for a wide range of applications in aerospace, automotive, marine 
and defence industries [8]. The mechanical properties and structural behaviour of FG-CNTRC beams, 
plates and shells have since become an emerging area which has attracted considerable attentions 
from research and engineering communities [12-24]. 
Several studies have been reported on buckling and postbuckling of FG-CNTRC beams under in-
plane loading. Among those, Ke et al. [25] studied the compressive buckling of FG-CNTRC beams 
and found that the critical buckling load increases as the CNT volume fraction rises. Yas and Samadi 
[26] revealed that the critical buckling load of FG-CNTRC beams is increased when supported by an 
elastic foundation. Wattanasakulpong and Ungbhakorn [27] suggested that the CNTRC beam with 
CNTs distributed close to surfaces has the strongest buckling resistance. Rafiee et al. [28] investigated 
the thermal bifurcation buckling of piezoelectric CNTRC beams subjected to a uniform temperature 
change and an electric voltage. They discovered that in some cases the beam with intermediate CNT 
volume fraction does not have intermediate buckling temperature. Based on the higher-order shear 
deformation beam theory, Shen and Xiang [29] carried out thermal buckling and postbuckling 
analyses of FG-CNTRC beams resting on elastic foundations under a uniform temperature rise. Their 
results indicated that the thermal postbuckling of FG-CNTRC beams with unsymmetrical distribution 
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of CNTs is no longer of bifurcation type and that the supporting foundation increases the buckling 
temperature and thermal postbuckling strength of FG-CNTRC beams. Wu et al. [30] examined the 
buckling behaviour of sandwich beams with CNTRC face sheets and found that the beam with FG-
CNTRC face sheets exhibits better buckling performance than the beam with face sheets where the 
CNTs are uniformly distributed. 
It should be noted that all the aforementioned studies dealt with perfect straight beams only and the 
effect of geometric imperfections has not been accounted for. In real situations, however, engineering 
structural elements inevitably possess initial geometric imperfections that occur during the fabrication 
process or develop during their service life. Previous studies [31-33] revealed that the initial 
imperfection has a significant influence on the nonlinear behaviour of these engineering structures. 
Most recently, Wu et al. [34] investigated the sensitivity of nonlinear vibration of FG-CNTRC beams 
to various geometric imperfections. The results suggested that the nonlinear vibration behaviour is 
very sensitive to sine type and some global imperfections but insensitive to localized imperfections.  
As a novel class of advanced composite materials, there is an obvious lack of in-depth understanding 
of the mechanical behaviour of FG-CNTRC structures with initial geometric imperfections in thermal 
environments, which is of great practical importance in engineering applications. Hence, this paper 
is devoted to investigate the thermal postbuckling of geometrically imperfect FG-CNTRC beams with 
temperature dependent properties under an in-plane temperature variation. The temperature field is 
assumed to vary either uniformly or parabolically over the mid-plane of the beam but keeps constant 
through beam thickness direction. A one-dimensional imperfection model in the form of the product 
of trigonometric and hyperbolic functions is used to simulate various possible imperfection shapes. 
Special attention is given to the effects of different imperfection parameters, including the mode, half-
wave number, location, and amplitude of the imperfection, on the thermal postbuckling behaviour. 
The influences of distribution pattern and volume fraction of CNTs, boundary conditions, and 
slenderness ratio are also discussed in detail. The presented results are expected to be of great practical 
importance to the design of FG-CNTRC based composite structures and promote their applications 
in engineering. 
4.2.3. CNTRC beam model 
Consider a CNTRC beam of length L and thickness h that is made from a mixture of CNTs and 
isotropic matrix and defined in a Cartesian coordinate system, as shown in Figure 4.12(a). The beam 
displacements parallel to the coordinates (x, z) are denoted by U  and W , respectively.  is the 
rotation of the beam cross-section about the y-axis. 
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Figure 4.12. Configuration and the coordinate system of a CNTRC beam. 
Shown in Figure 4.12(b) are the three types of CNTRC beams considered in this study in which CNTs 
are assumed to be either uniformly distributed (UD) or functionally graded (FG) along the beam 
thickness direction with the volume fraction of CNTs varying continuously in the beam thickness 
direction. In an FGX-CNTRC beam, the top and bottom surfaces are CNT-rich while this is inversed 
in an FGO-CNTRC beam where the mid-plane is CNT-rich. As a comparator, the volume fraction of 
CNTs in a UD-CNTRC beam is assumed to be constant across the thickness. The CNT volume 
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in which cnV
  is the total volume fraction of a CNTRC beam and determined by 
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where cnw  is the mass fraction of CNTs; cn and m  are the densities of CNT and matrix, 
respectively. Note that with Eq. (4.47) the total CNT volume fractions of FGX-, FGO and UD-
CNTRC beams are the same. 
The extended rule of mixture in which the size-dependence of resulting nanostructures is taken into 
account is employed to estimate the effective material properties of CNTRCs [7]: 
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where cn11E , 
cn
22E , mE , 
cn
12G and mG  are Young’s moduli and shear moduli, cnV  and mV  are the volume 
fractions correlated by cnV + mV = 1 with superscript/subscript cn and m referring to CNTs and the 
matrix, respectively. i  (i = 1, 2, 3) are the CNT efficiency parameters accounting for the size-
dependent material properties. The thermal expansion coefficients of CNTRCs can be expressed as  
cn cn
cn 11 11 m m m
11 cn
cn 11 m m
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22  and m  are thermal expansion coefficients of 
CNTs and the matrix, respectively. Note that the effective material properties of CNTRCs given in 
Eqs. (4.49)-(4.53) are graded in the thickness direction and are temperature-dependent. Poisson’s 
ratio depends weakly on the temperature change and is expressed as 
cn
12 cn 12 m mV V    . (4.46) 
4.2.4. Mathematical formulations 
 Governing equations 
The present analysis considers a geometrically imperfect CNTRC beam subjected to in-plane 
temperature variation. It is assumed that the beam is initially stress-free at reference temperature T0. 
The temperature filed T is assumed to be constant through the beam thickness but follows parabolic 
variation in the xy-plane [35, 36], i.e. 
 
2
1 2( ) 1 2 1T x T T       
, (4.47) 
where x L  ,  1T  stands for the component of uniform temperature change while 2T is the 
magnitude of the non-uniform temperature change. The total temperature 0T T T  . It is clear that 
Eq. (4.55) reduces to a uniform temperature field 1T T   when 2T = 0. 
Based on the first-order shear deformation beam theory, the displacement filed of the beam is  
 ,  ( ) ( )U x z U x z x  ,       ,  ( ) ( )W x z W x W x  , (4.48) 




(x) is the initial transverse geometric imperfection, U(x) and W(x) are the thermally induced 
displacement components in the mid-plane (z = 0) of the beam, respectively. A one-dimensional 
imperfection model in the form of the product of trigonometric and hyperbolic functions [34, 37] is 
used to simulate various possible imperfection shapes which are either globally or locally distributed 
in the beam 
   * 0 sech - cos -W A r a c b c          , (4.49) 
where 0A  is the dimensionless amplitude of the imperfection. 2 3r h  is the radius of gyration of 
the beam cross section. a is the constant that defines the localization degree of the imperfection that 
is symmetric about  = c, and b is the half-wave number of the imperfection in the x-axis. The 
imperfection mode shapes considered in this study are listed in Table 4.3 [34] in which Gi and Li (i 
= 1, 2, 3, 4) indicate the global and localized imperfection modes, respectively. 
Table 4.3 Imperfection modes [34]. 
 
Sine-type 
a = 0, b=1, c=0.5 
 
G1-mode 
a = 0, b=2, c=0.5 
 
G2-mode 
a = 0, b=3, c=0.5 
 
G3-mode 
a = 0, b=5, c=0.5 
 
G4-mode 
a = 0, b=7, c=0.5 
 
L1-mode 
a = 15, b=2, c=0.5 
 
L2-mode 
a = 15, b=3, c=0.5 
 
L3-mode 
a = 15, b=5, c=0.5 
 
L4-mode 
a = 15, b=7, c=0.5 
 
Based on von-Kármán type geometric nonlinearity, the nonlinear strain-displacement relationship, 
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By employing Hamilton’s principle, the governing equations of the imperfect CNTRC beam in a 
thermal environment can be obtained as 
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Here the shear correction factor  = 5/6. TxN  and 
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in which 13 12G G  that is given in Eqs. (4.49)-(4.51). 
With the substitution of Eqs. (4.62)-(4.64), Eqs. (4.59)-(4.61) can be rewritten in terms of 
displacements as 
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. (4.70) 
It is assumed that the imperfect CNTRC beam is either hinged or clamped at each end (x = 0, L) and 
is immovable, which requires 
Hinged (H): U = W = xM = 0, (4.71) 
Clamped (C): U = W = ψ = 0. (4.72) 
 Solution procedure 
The differential quadrature (DQ) method combined with an iteration procedure is used to solve the 
nonlinear governing equations of imperfect CNTRC beams. The governing equations (4.68)-(4.70) 
are first converted into a set of ordinary differential equations. According to the DQ discretization 
rule, the unknown displacement components U, W and ψ and their kth derivatives with respect to x 
can be approximated by 
   
1
, , ( ) , ,
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m m m m
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U W l x U W 

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 , (4.73) 
where { , , } { , , }
m
m m m x x
U W U W 

 . ( )ml x  is the Lagrange interpolation polynomials. The weighting 
coefficient 
 k
imC  can be calculated using recursion formula [38-40]. N is the total number of grid 









   
, i = 1, 2, …, N. (4.58) 
Applying the above DQ approximation to Eqs. (4.68)-(4.70) yields a set of nonlinear ordinary 
differential equations: 
Chapter 4. Imperfection sensitivity of FG-CNTRC beams 
71 
(2) (2) (1) (2) (2)
11 11 11








N N N N N
im m im m im m ij j im m
m m m j mx x
N
im m
mx x x x
W






















(2) (1) (1) (1) (1)
55 11 11 11










N N N N N
im m im m im m im m im m
m m m m m
N N
im m x im m
x x
m mx x x x
A C W C A C U B C A C W
W W
A C W N C W
x x
 




   
      
   
   
    
    
    
 
, (4.60) 
(2) (2) (1) (2) (2)
11 11 11








N N N N N
im m im m im m ij j im m
m m m j mx x
N N
im m im m i
m mx x x x
W
B C U D C B C W C W C W
x
W M












   
        
    
 
, (4.61) 
The boundary conditions in Eq. (4.71) and (4.72) can be handled in the same way: 
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for hinged ends at x = 0, L, respectively, and 
1 0U  , 1 0W  , 1 0  , (4.80) 
0NU  , 0NW  , 0N  , (4.81) 
for clamped ends at x = 0, L. 
Denote the unknown displacement vector 
 
T
T T T{ } ,{ } ,{ }i i iU W d , i = 1, 2, …, N. (4.82) 
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In view of Eq. (4.65) and substituting Eqs. (4.78)-(4.81) into Eqs. (4.75)-(4.77), a nonlinear algebraic 
equation system can be obtained in matrix form as 
   L1 L2 NL1 NL2T   K K d K K d R , (4.83) 
where L1K , L2K , NL1K  and NL2K  are 3N×3N stiffness matrices. The elements in nonlinear matrices 
NL1K  and NL2K  are linear and quadratic functions of the unknown displacement vector d, 
respectively. R stands for the load vector whose elements come from the non-uniform temperature 
variation, geometric imperfection, and stress-related boundary conditions in Eqs. (4.78)-(4.81). 
Similar to symmetric laminated beams [41], a perfect CNTRC beam with symmetrical distribution of 
CNTs does exhibit bifurcation buckling due to its stretching-bending coupling element 11 0B  , 
regardless of the form of in-plane temperature field. For a beam with unsymmetrical distribution of 
CNTs, however, the bifurcation buckling does not exist due to the presence of the stretching-bending 
coupling effect (i.e. 11 0B  ) unless the beam is clamped at both ends. This is because the clamped 
end constrains are capable of providing the necessary restoring bending moments that make the beam 
remain flat.  
For perfect CNTRC beams, geometric imperfection W* related terms are eliminated and R 0  in Eq. 
(4.83). By neglecting the nonlinear stiffness matrices KNL1 and KNL2, the buckling temperature is 
determined through a numerical iterative procedure with the following steps [42]: 
(1) Solve the buckling temperature ∆Tcr from Eq. (4.83) by using temperature-independent 
material properties, that is, the thermo-elastic properties at reference temperature T0. 
(2) Update stiffness matrices by using the property values at T = T0+∆Tcr to obtain a new buckling 
temperature. 
(3) Repeat step (2) until the buckling temperature converges to a prescribed error tolerance (0.1% 
in present study). 
The nonlinear thermal postbuckling response can be traced by the following iteration process: 
(a) Begin with the dimensionless deflection Wm/r at the midpoint of beams. 
(b) Use the iterative procedures (1)-(3). 
(c) Specify a new value of Wm/r. 
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(d) Calculate the thermo-elastic properties at T = T0+∆Tcr, and scale up the buckling mode that is 
obtained in step (b) to form new stiffness matrices to determine the postbuckling temperature. 
(e) Repeat step (d) until the postbuckling temperature converges to a prescribed error tolerance. 
(f) Repeat steps (c)-(e) to obtain the thermal postbuckling equilibrium path. 
For imperfect CNTRC beams, R is nonzero no matter whether the beam ends are hinged or clamped, 
indicating that the bifurcation buckling does not happen for these imperfect beams. In this case, the 
modified Newton-Raphson technique [43, 44] is employed to solve Eq. (4.83) and determine the 
nonlinear thermal postbuckling equilibrium path. The numerical iteration procedure has been given 
in Section 4.1.5 and thus is omitted here for brevity. 
4.2.5. Results and discussion 
In this section, numerical results of nonlinear thermal postbuckling are presented for perfect and 
imperfect FG- and UD-CNTRC beams subjected to in-plane temperature change. It is assumed that 
the temperature field follows either a uniform or a parabolic non-uniform distribution. As a subset 
problem, the buckling temperature results are also given for perfect beams to examine the effect of 
temperature dependency on the thermal buckling.  
Table 4.4 Temperature-dependent material properties for (10, 10) SWCNT ( cn = 1400 kg/m
3, 
cn




11E  (TPa) 
cn
22E  (TPa) 
cn







300 5.6466 7.0800 1.9445 3.4584 5.1682 
500 5.5308 6.9348 1.9643 4.5361 5.0189 
700 5.4744 6.8641 1.9644 4.6677 4.8943 
1000 5.2814 6.6220 1.9451 4.2800 4.7532 
 
The armchair (10, 10) single-walled carbon nanotubes (SWCNTs) and poly (methyl methacrylate), 
referred to as PMMA, are selected as the reinforcements and matrix of CNTRCs, respectively. The 
temperature-dependent material constants of SWCNTs are listed in Table 4.4 [36]. The CNT 
efficiency parameters that are determined by matching the moduli of CNTRCs calculated by the rule 
of mixture to those from the molecular dynamics simulations [45] are 1 = 0.137, 2 = 1.022 for the 
case of cnV
 = 0.12, 1 = 0.142, 2 = 1.626 for cnV
 = 0.17, and 1 = 0.141, 2 = 1.585 for cnV
 = 0.28. The 
assumption of 3 20.7   is used for all cases [36]. The material properties for PMMA are m = 1150 
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kg/m3, m = 0.34, mE = (3.52-0.0034T) GPa and m = 45(1+0.0005 T ) 10
-6/K, in which 
0T T T    and 0T = 300 K is the room temperature. 
 Convergence and comparison studies 
Before proceeding to the thermal postbuckling analysis of geometrically imperfect FG-CNTRC 
beams, convergence and comparison studies are undertaken to ensure the accuracy of the present 
analysis. As a sample problem, the dimensionless postbuckling deflections at varying number of grid 
points N are calculated and compared in Table 4.5 for imperfect FGX-CNTRC beams under a given 
temperature rise. Wm/r is the dimensionleass deflection at the beam midpoint. The convergent results 
can be obtained at N ≥ 39. Therefore, N = 39 is used in all the subsequent numerical studies. 
Table 4.5 Convergence of dimensionless postbuckling deflections Wm/r for H-H FGX-CNTRC beams with 
different different geometric imperfections (V
* 
cn = 0.17, L/h = 60, ∆T = 130 K, A0 = 0.05). 
N 
Imperfection mode 
Sine G1 G2 G3 G4 L1 L2 L3 L4 
9 2.058 2.049 2.091 2.409 3.055 2.328 2.372 2.477 2.533 
15 2.058 2.049 2.083 2.078 2.143 2.153 2.175 2.255 2.392 
21 2.058 2.049 2.083 2.078 2.075 2.091 2.097 2.123 2.180 
27 2.058 2.049 2.083 2.078 2.075 2.076 2.079 2.085 2.100 
33 2.058 2.049 2.083 2.078 2.075 2.074 2.075 2.078 2.082 
39 2.058 2.049 2.083 2.078 2.075 2.074 2.075 2.077 2.078 
45 2.058 2.049 2.083 2.078 2.075 2.074 2.075 2.077 2.078 
51 2.058 2.049 2.083 2.078 2.075 2.074 2.075 2.077 2.077 
 
As there are no suitable results on thermal postbuckling of imperfect FG-CNTRC beams for direct 
comparison, thermal postbuckling equilibrium paths of isotropic beams are calculated and compared 
in Figure 4.13 with the analytical solutions given by Rao and Varma [46] where crT T   is the ratio 
between postbuckling temperature and buckling temperature; mW r  is the dimensionless central 
deflection due to the temperature change and r is the radius of gyration of the beam cross section. In 
addition, the thermal postbuckling equilibrium paths are given in Figure 3 for perfect FG- and UD-
CNTRC beams together with those by Shen and Xiang [29]. Again, good agreements are achieved. 
In Figure 4.14, our results are slightly higher than those of Shen and Xiang because the higher-order 
shear deformation beam theory, instead of the first-order shear deformation beam theory, was used 
in their work. 
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Figure 4.13. Comparison of thermal postbuckling equilibrium paths for isotropic beams. 



























Figure 4.14. Comparison of thermal postbuckling equilibrium paths for perfect CNTRC beams. 
 Thermal buckling 
Table 4.6 tabulates the buckling temperatures 1T  for perfect CNTRC beams with different distribution 
patterns and volume fractions of CNTs subjected to a uniform temperature variation ( 2T  = 0). T-ID 
means that temperature-independent material properties (i.e. at T = 300 K) are used in the calculations, 
whereas T-D implies that the material properties are temperature-dependent. It can be seen that among 
the three distribution patterns of CNTs, FGX case has the highest buckling temperature, followed by 
UD then FGO. For the given value of slenderness ratio L/h = 100, the buckling temperature is slightly 
increased for H-H beams as the CNT volume fraction rises whereas this is not the case for C-C beams 
for which the buckling temperature is the highest at cnV
 = 0.17. This indicates that the beam with an 
intermediate CNT volume fraction does not necessarily have an intermediate buckling temperature 
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in some cases. Also, the buckling temperatures of C-C beams are significantly higher than the 
counterparts of H-H beams. It is noted that when compared with the T-D case, T-ID case 
overestimates the buckling temperatures, especially for C-C beams. The difference between T-ID and 
T-D results is the most noticeable for FGX-CNTRC beams, followed by UD- and FGO-CNTRC 
beams. 
Table 4.6 Buckling temperature T1 (K) for perfect CNTRC beams under a uniform temperature rise (L/h = 
100).  
 CNTRC 














T-ID FGX 33.235 33.884 34.238  126.14 129.52 128.68 
 UD 22.620 22.944 23.113  87.275 88.953 88.416 
 FGO 11.636 11.722 11.761  45.682 46.146 46.031 
T-D FGX 31.097 31.630 31.892  104.72 106.95 105.69 
 UD 21.560 21.839 21.973  75.455 76.629 75.932 
 FGO 11.335 11.412 11.445  41.805 42.154 41.992 
 
Table 4.7 Buckling temperature T2 (K) for perfect H-H CNTRC beams under a non-uniform temperature rise 
(L/h = 60). 
1 2T T  CNTRC 














0.0 FGX 102.33 104.80 104.76  84.770 86.305 85.962 
 UD 70.378 71.604 71.521  61.053 61.890 61.682 
 FGO 36.602 36.936 36.924  33.703 33.951 33.898 
0.5 FGX 65.177 66.742 66.739  54.816 55.833 55.621 
 UD 44.813 45.589 45.548  39.314 39.860 39.733 
 FGO 23.299 23.510 23.505  21.591 21.752 21.722 
1.0 FGX 47.794 48.940 48.942  40.484 41.242 41.085 
 UD 32.858 33.426 33.399  28.976 29.381 29.290 
 FGO 17.081 17.236 17.233  15.875 15.994 15.973 
 
Table 4.8 Comparison of buckling temperatures T1 and T2 (K) for perfect H-H FGX-CNTRC beams under 
either a uniform or a non-uniform temperature variation. 
L/h 














50 104.72 106.95 105.68  113.23 115.46 114.20 
60 77.277 78.765 78.448  84.770 86.305 85.962 
80 46.716 47.541 47.739  52.084 52.975 53.178 
100 31.097 31.630 31.892  34.969 35.556 35.837 
 
Table 4.7 lists buckling temperature result T2 for perfect CNTRC beams under non-uniform 
temperature variations with three temperature ratios (T1/T2 = 0.0, 0.5 and 1.0). The buckling 
temperature drops sharply with an increase in temperature ratio T1/T2 for both T-ID and T-D cases. 
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Unlike in Table 4.6, the H-H beam with cnV
 = 0.17 has the highest buckling temperature. The effect 
of slenderness ratio on the buckling temperatures is investigated in Table 4.8 where a uniform 
temperature rise (T2 = 0) and a non-uniform temperature variation (T1 = 0) are considered, 
respectively. The buckling temperatures T1 and T2 are remarkably deceased as the slenderness ratio 
increases. The “non-intermediate” phenomenon observed in C-C CNTRC beams in Table 4.6 also 
happens in H-H beams when L/h ≤ 60. The buckling temperatures increase slightly and monotonically 
with an increase in CNT volume fraction when L/h > 60. It should also be noted that the buckling 
temperature T2 
is higher than T1, indicating that the beam is more likely to buckle under the uniform 
temperature rise than under the non-uniform temperature variation. 
 Thermal postbuckling 
We then investigate the imperfection sensitivity of thermal postbuckling of FG-CNTRC beams. 
Unless otherwise stated, the thermal postbuckling results, in the form of postbuckling temperature T1 
(uniform temperature rise) or T2 (non-uniform temperature rise) plotted against the dimensionless 
additional central deflection Wm/r, are presented for imperfect H-H FGX-CNTRC beams with a 
thickness h = 0.01 m, slenderness ratio L/h = 60, total CNT volume fraction *cnV = 0.17 and 
dimensionless imperfection amplitude A0 = 0.1. The imperfection modes in all numerical 
computations are assumed to be symmetric (i.e. c = 0.5) about the middle of the beam (i.e.  = 0.5) 
except for the case in Figure 8. Results for the perfect beams (A0 = 0) are also given for direct 
comparison. 
Figures 4.15 and 4.16 investigate the effects of distribution pattern and volume fraction of CNTs on 
the thermal postbuckling response of CNTRC beams with a sine type imperfection under a uniform 
temperature rise, respectively. It is seen that the FGX case has the highest thermal postbuckling curve, 
followed by UD and FGO cases. Similar to the observation in thermal buckling analysis, the CNT 
volume fraction has a very limited effect on the thermal postbuckling response. The thermal 
postbuckling equilibrium paths of imperfect beams are lower than those of their perfect counterparts 
at a small mW r region but tend to be higher at a sufficiently large deflection. 
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Figure 4.15. Effect of CNT distribution pattern on thermal postbuckling of CNTRC beams under a uniform 
temperature rise. 
















































Figure 4.16. Effect of CNT volume fraction on thermal postbuckling of FG-CNTRC beams under a uniform 
temperature rise. 
The effects of half-wave number in global and localized imperfections on the thermal postbuckling 
behaviour of FG-CNTRC beams are studied in Figures 4.17 and 4.18 in which the global and localized 
imperfections are assumed to be symmetric about the beam centre with a dimensionless imperfection 
amplitude 0A = 0.05. The half-wave number b = 2, 3, 4, and 5 for G1- to G4-modes and L1- to L4-
modes, respectively. It can be seen that the thermal postbuckling curve of the beam is considerably 
lowered by the G1-mode imperfection but become very close to that of the perfect beam when the 
half-wave number is over 2. In other words, the thermal postbuckling of FG-CNTRC beams is much 
less sensitive to the global imperfection with more than 2 half-waves. In contrast, the thermal 
postbuckling path of locally imperfect beams is gradually closer to that of the perfect counterpart as 
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the half-wave number increases. These results indicate that overall, the thermal postbuckling 
behaviour of FG-CNTRC beams is less sensitive to the imperfection with more half-waves. 
























Figure 4.17. Effect of half-wave number on thermal postbuckling of FG-CNTRC beam with a global 
imperfection under a uniform temperature rise. 

























Figure 4.18. Effect of half-wave number on thermal postbuckling of FG-CNTRC beam with a localized 
imperfection under a uniform temperature rise. 
In order to examine the sensitivity of the thermal postbuckling behaviour to the location of an 
imperfection, the thermal postbuckling equilibrium paths of FG-CNTRC beams with either a G1- or 
an L1-mode imperfection whose centre is located at  = 0.1, 0.2, 0.3, 0.4, and 0.5 (i.e. c = 0.1, 0.2, 
0.3, 0.4, and 0.5 in Eq. (4.57)) are compared in Figure 4.19 (a) and (b), respectively. It can be seen 
that the imperfect FG-CNTRC beams have a negative deflection when the imperfection centre is 
located near the beam end. The thermal postbuckling curves of G1-mode shaped beams with c = 0.4 
and 0.3 are symmetrical to those of c = 0.4 and 0.3, respectively. This is because the G1-mode shapes 
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for c = 0.1 and 0.2 are antisymmetric to those for c = 0.4 and 0.3, as shown in Table 4.9 from which 
G1- and L1-mode shapes with varying locations in the beam are displayed. The results also show that 
the thermal postbuckling of FG-CNTRC beams is most affected when the imperfection centre is 
located at the middle of the beam (i.e. c = 0.5). 
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Figure 4.19. Effect of imperfection location on the thermal postbuckling of FG-CNTRC beams under a 
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Table 4.9 G1- and L1-mode shapes with varying locations in the beam. 
 
G1-mode, c = 0.1 
 
G1-mode, c = 0.2 
 
G1-mode,c = 0.3 
 
G1-mode,c = 0.4 
 
G1-mode,c = 0.5 
 
L1-mode, c = 0.1 
 
L1-mode, c = 0.2 
 
L1-mode, c = 0.3 
 
L1-mode, c = 0.4 
 
L1-mode, c = 0.5 
 
The thermal postbuckling curves of FG-CNTRC beams with imperfection amplitude 0A  = 0.05, 0.10, 
0.20 and 0.30 are compared in Figures 4.20(a), (b) and (c) for sine type, G1-mode and L1-mode 
imperfections, respectively, showing the significant effect of imperfection amplitude on the thermal 
postbuckling behaviour of FG-CNTRC beams. As the imperfection amplitude increases, the 
postbuckling curves tends to be lower at relatively small postbuckling deflections (approximately 
m 1.6W r  ) for sine type and G1-mode imperfections then becomes higher as postbuckling deflection 
further develops ( m 1.6W r  ). However, this effect is much less pronounced for the L1-mode 
imperfection. A comparison between the results for perfect and various imperfect beams in Figure 
4.20 shows that the thermal postbuckling of FG-CNTRC beams is most sensitive to G1-mode 
imperfection, followed by sine type and L1-mode imperfections. This is further confirmed in Figures 
10 and 11. 
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Figure 4.20. Effect of imperfection amplitude on the thermal postbuckling of FG-CNTRC beams under a 
uniform temperature rise: (a) sine type; (b) G1-mode; and (c) L1-mode. 
Figures 4.21 and 4.22 demonstrate the effects of boundary conditions and slenderness ratio on the 
thermal postbuckling behaviour of imperfect FG-CNTRC beams, respectively. The thermal 
postbuckling equilibrium paths of H-H, C-H and C-C imperfect beams with sine type, G1-mode and 
L1-mode imperfections are given in Figure 4.21 while those of H-H imperfect beams with slenderness 
ratio L/h = 60, 80 and 100 are plotted in Figure 4.22. As expected, a thicker C-C beam has higher 
thermal postbuckling equilibrium path than others. The difference between the thermal postbuckling 
curves shows that the C-C beam is relatively more sensitive to geometric imperfections. However, 
the slenderness ratio does not substantially affect the degree that the thermal postbuckling behaviour 
is changed by the imperfection. 
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Figure 4.21. Effect of boundary conditions on thermal postbuckling of FG-CNTRC beams under a uniform 
temperature rise: (a) sine type; (b) G1-mode; and (c) L1-mode. 
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Figure 4.22. Effect of slenderness ratio on thermal postbuckling of FG-CNTRC beams under a uniform 
temperature rise: (a) sine type; (b) G1-mode; and (c) L1-mode. 
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We next examine the effect of temperature ratio 1 2T T  on the thermal postbuckling behaviour of 
imperfect FG-CNTRC beams subjected to a non-uniform temperature variation. To this end, thermal 
postbuckling responses of imperfect beams with 1 2T T = 0.0, 0.5 and 1.0 are compared in Figure 4.23 
where sine type, G1-mode and L1-mode imperfections are considered in (a), (b) and (c), respectively. 
As can be seen, the thermal postbuckling equilibrium path becomes lower as 1 2T T  increases. Under 
both the uniform and nonuniform temperature fields, the thermal postbuckling behaviour of FG-
CNTRC beam is more sensitive to G1-mode, then sine type and L1-mode imperfections. 
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Figure 4.23. Effect of temperature ratio 1 2T T  on thermal postbuckling of FG-CNTRC beams under a non-
uniform temperature rise: (a) sine type; (b) G1-mode; and (c) L1-mode. 
4.2.6. Conclusions 
Thermal postbuckling performance of temperature-dependent FG-CNTRC beams with various 
geometric imperfections has been studied based on the first-order shear deformation theory. Thermal 
postbuckling equilibrium paths of imperfect beams subjected to uniform and non-uniform 
temperature variations are obtained using DQ method and modified Newton-Raphson technique. It is 
found from the numerical results that 
(1) The buckling temperature is decreased when the temperature dependency of properties is taken 
into consideration. The difference between the T-ID and T-D results is most noticeable for 
FGX-CNTRC beams, followed by UD- and FGO-CNTRC beams. 
(2) Compared with the non-uniform temperature variation, an FG-CNTRC beam under a uniform 
temperature rise is more likely to buckle. 
(3) A CNTRC beam with an intermediate CNT volume fraction does not necessarily have 
intermediate buckling temperature and postbuckling equilibrium path. 
(4) The FGX-CNTRC beam has the highest buckling temperature and thermal postbuckling 
equilibrium path, followed by UD- and FGO-CNTRC beams. The effect of CNT volume 
fraction, however, is much less pronounced.  
(5) Due to the presence of geometric imperfection, the CNTRC beam does not exhibit bifurcation 
type thermal postbuckling and its postbuckling curve is highly sensitive to the half-wave 
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number and amplitude of the imperfection. The difference between thermal postbuckling 
responses of perfect and imperfect beams becomes bigger at fewer half-waves and a greater 
imperfection amplitude. 
(6) The imperfection location considerably affects the imperfection sensitivity of thermal 
postbuckling. The thermal postbuckling of imperfect FG-CNTRC beams is most influenced 
when the imperfection is located at the centre of the beam. An unsymmetric imperfection with 
the geometric centre close to the beam end gives rise to negative deflections. 
(7) CNT distribution pattern, slenderness ratio and boundary conditions have significant 
influences on the thermal postbuckling behaviour. The C-C beam is relatively more sensitive 
to the imperfection. However, CNT distribution pattern and slenderness ratio do not 
substantially change the imperfection sensitivity of thermal postbuckling behaviour. 
(8) Compared with sine type and L1-mode imperfections, the thermal postbuckling behaviour of 
FG-CNTRC beams is more sensitive to G1-mode imperfection. Under a non-uniform 
temperature change, the thermal postbuckling equilibrium path tends to be lower as the 
temperature ratio 1 2T T increases. 
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4.3.1. Abstract 
The nonlinear vibration of imperfect shear deformable functionally graded carbon nanotube-
reinforced composite (FG-CNTRC) beams is studied in this paper based on the first-order shear 
deformation beam theory and von Kármán geometric nonlinearity. A one-dimensional imperfection 
model in the form of the product of trigonometric and hyperbolic functions are used to describe the 
various possible geometric imperfections such as sine type, global, and localized imperfections. The 
governing equations are derived by employing the Ritz method and then solved by an iteration 
procedure. Special attention is given to the influences of imperfection mode, location, and amplitude 
on the nonlinear behaviour. The linear vibration is also discussed as a subset problem. Numerical 
results in tabular and graphical forms show that the nonlinear vibration behaviour of imperfect FG-
CNTRC beams is considerably sensitive to sine type and global imperfections (except for G2-mode), 
whereas the effect of localized imperfection is much less pronounced. It is also observed that whether 
the FG-CNTRC beam exhibits the “hard-spring” or “soft-spring” vibration behaviour is largely 
dependent on the initial imperfection mode, its amplitude as well as the vibration amplitude. 
Keywords: B. Mechanical properties; B. vibration; C. Analytical modelling; Functionally graded 
beam; Carbon nanotube; Geometric imperfection. 
4.3.2. Introduction 
Functionally graded carbon nanotube-reinforced composites (FG-CNTRCs) in which carbon 
nanotubes (CNTs) are distributed nonuniformly in the matrix have attracted considerable attention in 
research and engineering communities in recent years due to their superior mechanical properties 
                                                 
* Corresponding author. Tel.: 61-03-99256169; Fax: 61-03-99256108 
  E-mail address: j.yang@rmit.edu.au (J. Yang) 
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over conventional nanocomposites [1]. The static and dynamic behaviours of FG-CNTRC structures 
have been a topic of extensive studies [2-15]. 
For FG-CNTRC beams, Ke et al. [16, 17] studied the linear and nonlinear free vibrations of 
functionally graded nanocomposite beams reinforced by single-walled carbon nanotubes (SWCNTs) 
based on Timoshenko beam theory. Their results showed that both linear and nonlinear frequencies 
of FG-CNTRC beam with symmetrical distribution of CNTs are higher than those with uniform and 
unsymmetrical distribution of CNTs. Yas and Samadi [18] dealt with free vibration of FG-CNTRC 
beams resting on an elastic foundation. Wattanasakulpong and Ungbhakorn [19] analytically 
investigated the same problem using different shear deformation theories. Based on a higher-order 
shear deformation beam theory, Shen and Xiang [20] carried out a nonlinear analysis for CNT-
reinforced composite (CNTRC) beams with functionally graded (FG) and uniformly distributed (UD) 
reinforcements resting on an elastic foundation in thermal environments. They found that the natural 
frequency is reduced but the nonlinear frequency ratio is increased due to the temperature rise for 
both UD- and FG-CNTRC beams. Lin and Xiang [21] revealed that a moderate increase in CNT 
volume fraction in the beam may not lead to a moderate improvement in vibration properties. Most 
recently, Wu et al. [22] studied the free vibration of sandwich beams with CNTRC face sheets and 
found that a sandwich beam with FG-CNTRC face sheets exhibits better vibration performance than 
its counterpart with UD-CNTRC face sheets. 
It should be pointed out that the aforementioned studies were restricted to perfect straight beams only. 
Initial geometric imperfections that inevitably occur during the fabrication process or develop during 
their service life were not considered. As observed in [23], these imperfections have a significant 
influence on the vibration behaviour of structures. In spite of its practical importance, researches on 
the dynamic behaviour of geometrically imperfect beams are still limited in number [23-25] in which 
the initial imperfection was assumed to be of the same shape as the vibration mode or buckling mode. 
This, however, is not often the case in real situations as the initial geometric imperfections may come 
in various shapes and be either globally or locally distributed in the structures. To the best of the 
authors’ knowledge, no previous work has been done on the nonlinear vibration of FG-CNTRC beams 
with initial geometric imperfections. 
This paper deals with the nonlinear vibration behaviour of shear deformable FG-CNTRC beams with 
initial geometric imperfections within the framework of von Kármán geometric nonlinearity and the 
first-order shear deformation beam theory. Ritz method is used to derive the governing equations 
which are then solved by an iteration procedure to obtain the linear and nonlinear frequencies of 
imperfect FG-CNTRC beams. A generic imperfection function is employed to model various possible 
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imperfection shapes. A detailed parametric study is conducted to examine the influences of 
imperfection mode, location, and amplitude on the nonlinear vibration behaviour of FG-CNTRC 
beams. The effects of the distribution pattern and volume fraction of CNTs, boundary condition as 
well as the slenderness ratio are also discussed. 
4.3.3. Effective material properties of CNTRCs 
It is assumed that a CNTRC beam is made from a mixture of an isotropic matrix reinforced with 
CNTs either uniformly distributed (UD) or functionally graded (FG) in the beam thickness direction. 
Shown in Figure 1 are the two types of FG-CNTRC beam considered in the present work where CNTs 
are distributed symmetrically about the mid-plane, denoted by FGX- and FGO-CNTRC, respectively. 
In FGX pattern, the top and bottom surfaces of the beam are CNT-rich while this is inversed in FGO 
pattern where the mid-plane of the beam is CNT-rich. The CNT volume fraction cnV  for each 
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where cnw  is CNT mass fraction; cn and m  are the mass densities of CNT and matrix, respectively. 
With the CNT volume factions in Eq. (4.84), it is evident that the total CNT mass fractions in FGX-, 
FGO- and UD-CNTRC beams are the same. 
 
Figure 4.24. FG-CNTRC beams with different CNT distribution patterns: (a) FGX, (b) FGO and (c) UD. 
The effective material properties of CNTRCs vary continuously along the beam thickness direction 
and are predicted by the extended rule of mixture [1] 
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  , (4.88) 
cn
12 cn 12 m mV V     (4.89) 
cn cn m mV V     (4.90) 
where cn11E , 
cn
22E  and 
cn
12G  are Young’s and shear moduli of the CNT, respectively. mE  and mG  are 
those of the matrix. cn12  and m  are their Poisson’s ratios. i  (i=1, 2, 3) are the CNT efficiency 
parameters accounting for the size-dependent material properties and are determined by matching the 
elastic moduli of CNTRCs predicted by the molecular dynamics simulations with the predictions of 
the extended rule of mixture. cnV  and mV , related by cnV + mV =1, are the volume fractions of the CNTs 
and matrix, respectively. Eqs. (4.86)-(4.90) indicates that the effective material properties of the 
CNTRCs are position dependent. 
4.3.4. Theoretical formulations 
 Energy functional of the imperfect FG-CNTRC beam 
Consider an imperfect FG-CNTRC beam of length L and thickness h with transverse initial 
imperfection ( )W x

. According to the first-order shear deformation beam theory, the displacement 
filed of an arbitrary point in the xz- plane is expressed as 
( , , ) ( , ) ( , )U x z t U x t z x t  ,      ( , , ) ( , ) ( )W x z t W x t W x  , (4.91) 
where U and W are the additional dynamic displacement components in the mid-plane,  is the 
rotation of the beam cross-section. Based on von-Kármán type geometric nonlinearity, the nonlinear 
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Eq. (4.93) can be rewritten as the sum of the potential energies associated with linear and nonlinear 
strain terms, denoted by LV  and NLV , respectively, 
L NLV V V  , (4.95) 
where  
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The kinetic energy T  can also be rewritten as 
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in which the shear correction factor  =5/6. 13 12G G  is given in Eq. (4.88). The energy functional 
Π of the imperfect FG-CNTRC beam is the sum of the potential energy and kinetic energy, i.e. 
L NLV V T    . (4.100) 
For a beam undergoing harmonic motion, the following functions are adopted to separate the spatial 
variable x and the time variable t: 
( )e , ( )e , ( )ei t i t i tU U x W W x x       (4.101) 
where Ω is the vibration frequency of the beam. 
Prior to deriving the governing equations for nonlinear free vibration of imperfect FG-CNTRC beams, 
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where 110A  and 10I  are the values of A11 and 1I  of a homogeneous beam made from pure matrix 
material. Instead of assuming the imperfection mode to be the same as the vibration mode, a one-
dimensional imperfection model [26] in the form of the product of trigonometric and hyperbolic 
functions is used in this study to describe various possible imperfection modes 
0sech[ ( - )]cos[ ( - )]w A a c b c  
  , (4.103) 
where 0A  is the maximum dimensionless imperfection amplitude, a is the constant defining the 
localization degree of the imperfection that is symmetric about  = c, and b is the half-wave number 
of the imperfection in the -axis. A list of imperfection modes considered in present study is given in 
Table 4.10 in which the global and localized imperfection modes are denoted by Gi and Li (i = 1, 2, 
3, 4), respectively. 
In view of Eq. (4.101) and using the dimensionless terms in Eq. (4.102), the dimensionless forms of 
potential energy and kinetic energy of the beam can be expressed as 
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Then, the nondimensionalized energy functional Π* for the imperfect FG-CNTRC beam can be 
expressed as 
* * * *
L NLV V T    . (4.107) 
Table 4.10 Imperfection modes 
 
Sine-type 
a = 0, b=1, c=0.5 
 
G1-mode 
a = 0, b=2, c=0.5 
 
G2-mode 
a = 0, b=3, c=0.5 
 
G3-mode 
a = 0, b=5, c=0.5 
 
G4-mode 
a = 0, b=7, c=0.5 
 
L1-mode 
a = 15, b=2, c=0.5 
 
L2-mode 
a = 15, b=3, c=0.5 
 
L3-mode 
a = 15, b=5, c=0.5 
 
L4-mode 
a = 15, b=7, c=0.5 
 
 Governing equations 
The automated Ritz method is employed to derive the governing equations for nonlinear vibration of 
imperfect FG-CNTRC beams. Three different end supports, namely hinged at both ends (H-H), 
clamped at both ends (C-C), clamped at the left end and hinged at the right end (C-H), and clamped 
at the left end and free at the right end (C-F), are considered in the present study. The Ritz trial 
functions that satisfy these three geometric boundary conditions are expressed in the form of 
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where N is the total number of polynomial terms; jp , jq , jr  are unknown coefficients. Substituting 









the nonlinear vibration governing equations for the imperfect FG-CNTRC beam can be derived and 
expressed in matrix form as 









    
 
K K K d Md , (4.113) 
where  
T
T T T{ } ,{ } ,{ }j j jp q rd , j = 1, 2, …, N,   is the dimensionless vibration frequency. M , LK
, NL1K  and NL2K  are 3N×3N dimensionless symmetric matrices, among which M  is the mass matrix, 
LK  is the constant linear matrix, while NL1K  and NL2K  are linear and quadratic functions of the 
unknown vector d , respectively. The elements of these symmetric matrices are given in the 
Appendix. 
 Solution technique 
Previous studies [17, 27-29] have revealed that when 0U t W t t         , the energy 
balance equation 0V T   does not yield equal and opposite roots for the beams with unsymmetrical 
material distribution in the thickness direction. This is attributed to the bending-extension coupling 
coefficient (i.e. 11 0B  ) which leads to the existence of partial derivative terms with odd powers such 
as    
2
W x x   
 
in Eq. (4.97). It should be noted that for an imperfect CNTRC beam, the 
geometric imperfection 
*W  also gives rise to a partial derivative term with odd powers, i.e. 
   3 *W x W x    in Eq. (4.97). This implies that FG-CNTRC beams with initial geometric 
imperfections have different vibration behaviours at positive and negative amplitudes even though 
the bending-extension coupling effect does not exist or the beam is clamped at both ends.  
In such case, the nonlinear frequency of imperfect FG-CNTRC beams can be obtained by computing 
the periods of both positive and negative deflection cycles due to the fact that the energy required in 
each deflection cycle is equal. The following iterative procedure [17, 29] is used to determine the 
nonlinear frequencies: 
(1) By neglecting the nonlinear matrices KNL1 and KNL2, a linear eigenvalue and the associated 
eigenvector are obtained from Eq. (4.113). The eigenvector is then appropriately scaled up 
such that the maximum deflection is equal to the given positive vibration amplitude wmax. 
(2) Using the obtained eigenvector in step (1) to calculate KNL1 and KNL2, a new eigenvalue and 
eigenvector are obtained from the updated eigenvalue equation (4.113). 
(3) The eigenvector is scaled up again and step (2) is repeated until the relative error between 
eigenvalues obtained from two consecutive iterations is less than 0.1%. Then the nonlinear 
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half-cycle frequency   is obtained for the positive deflection cycle. Based on the amplitude 
and deformation in positive deflection cycle, the energy 
maxV
 can be calculated from Eqs. 
(4.104) and (4.105). 
(4) For a negative vibration amplitude wmin, repeat steps (1)-(3) to find the energy maxV
  in the 
negative deflection cycle. The nonlinear half-cycle frequency   is obtained for the negative 
deflection cycle if maxV
 = maxV
 , otherwise new values must be chosen for negative vibration 
amplitudes and the iterative procedure is continued until the new negative amplitude and 
deformation yield the same energy with that at the positive vibration amplitude. 
Once the nonlinear half-cycle frequencies   at the positive deflection cycle and   at the negative 






  , (4.114) 









By neglecting the nonlinear stiffness matrices, Eq. (4.113) reduces to a linear eigenvalue equation 
from which the linear vibration frequency of imperfect FG-CNTRC beams can be solved. Obviously, 
the linear and nonlinear frequencies of perfect FG-CNTRC beams can be obtained in a similar way 
by eliminating imperfection w

 related terms in Eq. (4.113). 
4.3.5. Results and discussion 
In this section, numerical results are presented for both linear and nonlinear free vibrations of FG-
CNTRC beams with various geometric imperfections. Their UD-CNTRC counterparts are also 
considered for comparison. The poly (methyl methacrylate), referred to as PMMA, is selected as the 
matrix with material properties mE = 2.5 GPa, m = 1190 kg/m
3 and m = 0.3 at room temperature 
(300 K). The armchair (10, 10) SWCNTs with cn11E = 5.6466 TPa, 
cn
22E = 7.08 TPa, 
cn
12G = 1.9445 TPa, 
cn = 1400 kg/m
3 and cn12 = 0.175 at room temperature [1] are selected as the reinforcements. The 
CNT efficiency parameters [2] are 1 = 0.137, 2 = 1.022, 3 = 0.715 for the case of cnV
 = 0.12; 1 = 
0.142, 2 = 1.626, 3 = 1.138 for cnV
 = 0.17; and 1 = 0.141, 2 = 1.585, 3 = 1.109 for cnV
 = 0.28. 
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Unless otherwise stated, the linear and nonlinear frequency results are given for H-H FGX-CNTRC 
beams with a thickness of h = 0.1 m, slenderness ratio L/h = 25, total CNT volume fraction 
cnV
 = 0.17 
and dimensionless imperfection amplitude 0A = 0.1. The imperfection modes in all numerical 
calculations are symmetric (i.e. c = 0.5) about the beam centre except for the case in Figure 8. 
 Convergence and comparison studies 
Convergence and comparison studies are first carried out to validate the present analysis. Table 4.11 
compares the dimensionless linear fundamental frequencies of perfect FG-CNTRC beams with 
varying total number of polynomial terms N in the trial functions. The results obtained by differential 
quadrature (DQ) method [22] are also presented for direct comparison. As can be seen, the present 
results are monotonically convergent to the DQ results at N  5. Consequently, N = 8 is used in all of 
the following numerical computations. 








2 1.3629 1.7423 1.9218 
3 1.3144 1.6698 1.8627 
4 1.3138 1.6690 1.8620 
5 1.3137 1.6688 1.8618 
8 1.3137 1.6688 1.8618 
10 1.3137 1.6688 1.8618 
Ref. [22] 1.3137 1.6688 1.8618 
 
Table 4.12 Comparison of nonlinear frequency ratios NL L   for isotropic homogeneous beams (L/h = 100). 
Wmax /Θ 
H-H  C-C 
Present Ref. [30]  Present Ref. [30] 
1.0 1.1193 1.1181  1.0301 1.0300 
2.0 1.4176 1.4178  1.1150 1.1147 
3.0 1.8088 1.8094  1.2422 1.2420 
4.0 2.2448 2.2455  1.3988 1.3987 
5.0 2.6996 2.7052  1.5756 1.5751 
 
The nonlinear frequency ratios NL L   at different vibration amplitudes Wmax/Θ are given in Table 
4.12 for isotropic homogeneous beams and compared with those given by Marur and Prathap [30] 
where L  and NL  are the dimensionless linear and nonlinear fundamental frequencies, respectively, 
Wmax is the vibration amplitude, and /I A   is the radius of gyration of the beam with I and A as 
the area moment of inertia and cross section area. In addition, the nonlinear frequency ratio versus 
vibration amplitude curves for C-C FGM beams with different slenderness ratios are compared in 
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Figure 4.25 with those given by Kitipornchai et al [29]. The material properties used in this example 
are 1E = 70 GPa, 1 = 2780 kg/m
3, 1 = 0.33, and 2 1E E = 5 where the subscripts 1 and 2 denote the 
top and bottom surfaces of the beam, respectively. As can be seen, our results are in excellent 
agreement with the existing ones. 







 L/h = 6















 L/h = 6
 L/h = 12
 
Figure 4.25. Comparison of nonlinear frequency ratio versus vibration amplitude curves for FGM beams. 
 Linear vibration 
Tables 4.13 and 4.14 tabulate the dimensionless linear fundamental frequencies L  for imperfect 
FG-CNTRC beams ( 0A = 0.1) with sine type imperfection, together with those for the perfect ones 
( 0A = 0). It is seen that the linear frequency increases with an increase in the CNT volume fraction 
and at a lower slenderness ratio. A beam with a sine type imperfection has a higher linear fundamental 
frequency than its perfect counterpart. This effect, however, tends to be a bit less pronounced for a 
beam with a larger slenderness ratio, indicating that the linear vibration behaviour of a thicker beam 
is more sensitive to the initial geometric imperfection. Among the CNT distributions considered, 
FGX yields the highest linear fundamental frequency for both perfect and imperfect beams, followed 
by UD then FGO. This can be expected since the beam with more CNTs distributed near the surfaces 
has a higher stiffness than that with more CNTs close to the neutral plane. 
Table 4.15 shows the effect of half-wave number on linear fundamental frequencies of FGX-CNTRC 
beams with different boundary conditions. Overall, the linear fundamental frequency is increased due 
to the existence of an initial geometric imperfection. The linear frequencies of C-C, C-H and H-H 
beams are more sensitive to global imperfections (except for G2-mode) but less sensitive to localized 
imperfections. For the C-F beam, however, it is also sensitive to localized imperfections in addition 
to G3- and G4-modes but insensitive to sine type, G1- and G2-modes. It is observed that the linear 
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frequency rises as the half-wave number b increases when b > 2. As expected, the C-C beam has the 
highest linear frequency, followed by C-H, H-H, and C-F beams. 
Table 4.13 Dimensionless linear fundamental frequencies for FG-CNTRC beams with sine type imperfection 
(L/h = 25, 0A = 0.1). 
 CNTRC 














Perfect FGX 0.7140 0.8729 1.0629  1.1733 1.4750 1.6887 
 UD 0.6079 0.7386 0.9039  1.0706 1.3325 1.5322 
 FGO 0.4542 0.5474 0.6782  0.8821 1.0834 1.2911 
Imperfect FGX 0.7323 0.8945 1.0912  1.1845 1.4878 1.7065 
 UD 0.6292 0.7640 0.9369  1.0828 1.3467 1.5518 
 FGO 0.4824 0.5812 0.7216  0.8968 1.1006 1.3141 
 
Table 4.14 Effect of slenderness ratio on dimensionless linear fundamental frequencies of H-H FGX-CNTRC 
beams with sine type imperfection ( 0A = 0.1). 
L/h 














15 1.0079 1.2523 1.4706  1.0436 1.2939 1.5269 
25 0.7140 0.8729 1.0629  0.7323 0.8945 1.0912 
30 0.6163 0.7503 0.9223  0.6310 0.7678 0.9449 
40 0.4799 0.5816 0.7226  0.4905 0.5942 0.7389 
 
Table 4.15 Effect of boundary condition on the imperfection sensitivity of dimensionless linear fundamental 
frequencies of FGX-CNTRC beams (L/h = 25, cnV

= 0.17, 0A = 0.1). 
Imperfection type 
Boundary condition 
C-C C-H H-H C-F 
Perfect 1.4750 1.1744 0.8729 0.3284 
Sine type 1.4878 1.1902 0.8945 0.3284 
G1-mode 1.5228 1.2247 0.9329 0.3284 
G2-mode 1.4804 1.1756 0.8729 0.3285 
G3-mode 1.5078 1.2057 0.8965 0.3760 
G4-mode 1.6140 1.3251 1.0288 0.7601 
L1-mode 1.4795 1.1796 0.8766 0.3578 
L2-mode 1.4792 1.1797 0.8762 0.3696 
L3-mode 1.4792 1.1817 0.8763 0.4125 
L4-mode 1.4822 1.1870 0.8789 0.4688 
 
Figure 4.26 depicts the linear fundamental frequency of H-H FG-CNTRC beams with various types 
of geometric imperfections of different amplitudes. The linear frequency is most sensitive to G4-
mode imperfection, followed by G1-mode, sine type, and G3-mode imperfections, but is much less 
sensitive to the G2-mode and localized imperfections. The linear fundamental frequency L  shows 
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a steady gain as the imperfection amplitude 0A  increases, except for the G2-mode for which the linear 
frequency is slightly decreased. 




























Figure 4.26. Linear fundamental frequency of H-H FGX-CNTRC beams: imperfection sensitivity 
 Nonlinear vibration 
We then investigate the imperfection sensitivity of nonlinear vibration behaviour of FG-CNTRC 
beams. Numerical results in the form of nonlinear frequency ratio NL 0   are presented in Tables 
4.16 and 4.17 and Figures 4-11 for both perfect and imperfect FG-CNTRC beams where NL  is the 
dimensionless nonlinear fundamental frequency of an imperfect beam while 0  is the dimensionless 
linear fundamental frequency of its perfect counterpart. Note that  at maxw = 0.0 are virtually 
the frequency ratio L / 0 between the linear frequency of an imperfect beam and that of a perfect 
beam. maxw  and minw are the dimensionless vibration amplitudes at positive and negative deflection 
cycles, respectively. 
The nonlinear frequency ratios of H-H FG-CNTRC beams with sine type imperfection at various 
vibration amplitudes are given in Table 4.16. The ratio increases with an increase in vibration 
amplitude, showing the well-known “hard-spring” vibration behaviour. Unlike linear vibration, the 
FG-CNTRC beams with cnV
 = 0.17, rather than those with cnV
 = 0.12, have the lowest nonlinear 
frequency ratio. This indicates that the FG-CNTRC beam with intermediate CNT volume fraction 
does not necessarily have intermediate nonlinear frequency ratio. The nonlinear frequency ratio 
NL 0   is the highest for FGO distribution, followed by UD then FGX. This is opposite to the linear 
frequency results L . 
NL 0 
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Table 4.16 Nonlinear frequency ratios ωNL/ω0 of H-H FG-CNTRC beams with sine type imperfection (L/h = 
25, A0 = 0.1). 
CNTRC cnV

 0  
maxw       
0.0 0.1 0.2 0.3 0.4 0.5 
FGX 0.12 0.7140 1.0256 1.0358 1.0695 1.1300 1.2154 1.3218 
0.17 0.8729 1.0247 1.0347 1.0673 1.1255 1.2083 1.3115 
0.28 1.0629 1.0266 1.0370 1.0718 1.1346 1.2238 1.3335 
UD 0.12 0.6079 1.0350 1.047 1.0929 1.1760 1.2943 1.4355 
0.17 0.7386 1.0344 1.0470 1.0910 1.1723 1.2873 1.4258 
0.28 0.9039 1.0365 1.0496 1.0958 1.1827 1.3047 1.4511 
FGO 0.12 0.4542 1.0621 1.0791 1.1530 1.3080 1.5095 1.7308 
0.17 0.5474 1.0617 1.0788 1.1523 1.3060 1.5064 1.7269 
0.28 0.6782 1.0640 1.0812 1.1852 1.3173 1.5239 1.7514 
 
The nonlinear results for FGX-CNTRC beams with three types of initial imperfections (sine type, 
G1-mode, and L1-mode) are presented in Table 4.17, together with those for perfect beams. The beam 
with G1-mode imperfection has the highest nonlinear frequency ratio ωNL/ω0, followed by the cases 
of sine type and L1-mode imperfections. The ωNL/ω0 ratios of the perfect beams are lower than its 
imperfect counterparts at the given positive deflection cycle. In contrast to the linear case, the NL 0   
ratios of the H-H beam are greater than those of the C-C beam. 
Table 4.17 Nonlinear frequency ratios ωNL/ω0 of FGX-CNTRC beams with various imperfections (L/h = 25, 
cnV






wmax      
0.0 0.1 0.2 0.3 0.4 0.5 
H-H Perfect 1.0000 1.0124 1.0489 1.1071 1.1833 1.2752 
 Sine type 1.0247 1.0347 1.0673 1.1255 1.2083 1.3115 
 G1-mode 1.0687 1.0740 1.0955 1.1451 1.2282 1.3400 
 L1-mode 1.0043 1.0165 1.0535 1.1140 1.1948 1.2930 
C-C Perfect 1.0000 1.0043 1.0171 1.0382 1.0700 1.1027 
 Sine type 1.0087 1.0127 1.0249 1.0457 1.0749 1.1125 
 G1-mode 1.0324 1.0353 1.0447 1.0620 1.0883 1.1250 
 L1-mode 1.0031 1.0073 1.0200 1.0414 1.0709 1.1085 
 
The effects of distribution pattern and volume fraction of CNTs on the nonlinear vibration behaviour 
of FG-CNTRC beams with sine type imperfection are further investigated in Figures 4.27 and 4.28, 
respectively. It is observed that the difference between the curves of perfect and imperfect CNTRC 
beams is the greatest for the case of FGO, followed by UD and FGX. This indicates that among the 
CNT distribution patterns under consideration, the nonlinear frequency ratio of the beams with FGO 
distribution pattern is most sensitive to the presence of initial imperfection. However, the 
imperfection sensitivity of beams with different CNT volume fractions appears to be almost the same, 
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as shown in Figure 5. Results also show that the nonlinear frequency ratios ωNL/ω0 of imperfect beams 
at positive and negative vibration amplitudes are different even their magnitudes are the same (i.e. 
maxw = minw ). This means that the nonlinear frequency ratio versus vibration amplitude curves are no 
longer symmetric. This is, as mentioned before, due to the initial imperfection w

that does not make 
the energy balance equation yield equal and opposite roots. On the contrary, the nonlinear frequency 
ratio of perfect FG-CNTRC beams with symmetric material distribution considered in the present 
study is independent of the sign of vibration amplitude hence their curves are symmetric. The ωNL/ω0 
ratio of an imperfect beam is always higher than that of its perfect counterpart at positive deflection 
cycle but this trend is reversed when the magnitude of negative vibration amplitude minw  goes 
beyond a certain value. 
































Figure 4.27. Effect of CNT distribution pattern on the nonlinear vibration behaviour of FG-CNTRC beams. 

















































Figure 4.28. Effect of CNT volume fraction on the nonlinear vibration behaviour of FG-CNTRC beams. 
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The effect of the half-wave numbers of global and localized imperfections on the nonlinear vibration 
behaviour of FG-CNTRC beams is studied in Figures 4.29 and 4.30 in which all imperfections are 
symmetric about the beam centre ( = 0.5) with 2, 3, 5, and 7 half-waves in G1- to G4-modes and 
L1- to L4-modes, respectively. As shown, the difference between the curves of perfect and imperfect 
beams containing a G4-mode imperfection is most significant, which means the nonlinear vibration 
behaviour of FG-CNTRC beams is most sensitive to G4-mode, followed by G1-, G3-, and G2-modes. 
In contrast, the curves of the beams with localized imperfections are just slightly affected by the 
number of half-waves. 






























Figure 4.29. Effect of half-wave number in global imperfection on the nonlinear vibration behaviour of FG-
CNTRC beams. 































Figure 4.30. Effect of half-wave numbers in localized imperfection on the nonlinear vibration behaviour of 
FG-CNTRC beams. 
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We next examine how the nonlinear vibration behaviour of FG-CNTRC beams is affected by the 
position of a localized and a global imperfection in Figure 4.31. To this end, three cases with the 
centre of imperfections located in  = 0.1, 0.3, 0.5 (i.e. c = 0.1, 0.3, 0.5 in Eq. (4.103)) are considered. 
Overall, the effect of the localized imperfection’s location seems to be insignificant although it does 
tend to be slightly higher as the imperfection is located closer to the beam centre. This, again, confirms 
the observation in Figure 4.30 that the nonlinear vibration behaviour of FG-CNTRC beams is 
comparatively less sensitive to localized imperfections. In contrast, the nonlinear vibration behaviour 
is sensitive to the location of the global imperfection. The difference between the perfect and 
imperfect beams is more noticeable when the centre of the global imperfection is located closer to the 
beam centre or end. 
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Figure 4.31. Effect of imperfection location on the nonlinear vibration behaviour of FG-CNTRC beams: (a) 
L1-mode and (b) G1-mode. 
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Figure 4.32. Effect of boundary condition on the nonlinear vibration behaviour of FG-CNTRC beams: (a) 
sine type, (b) G1-mode and (c) L1-mode. 
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Figures 4.32 and 4.33 demonstrate the effects of boundary condition and slenderness ratio on the 
nonlinear vibration behaviour of FG-CNTRC beams with sine type imperfections. The nonlinear 
frequency ratio versus vibration amplitude curves of H-H, C-H, and C-C imperfect beams with 
different types of imperfection (i.e. sine type, G1-mode and L1-mode) are given in Figure 4.32 while 
those of H-H imperfect beams with three different slenderness ratios (L/h = 15, 25, 40) are plotted in 
Figure 4.33. The results show that the nonlinear vibration behaviour of a thicker H-H beam is most 
affected by the presence of an imperfection. Similar phenomena are observed in the cases of other 
global and localized imperfections with different half-wave numbers, which are omitted here. 
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Figure 4.33. Effect of slenderness ratio on the nonlinear vibration behaviour of FG-CNTRC beams. 
Figure 4.34 displays the effect of imperfection amplitude on the nonlinear vibration behaviour of FG-
CNTRC beams with sine type, G1-mode and L1-mode imperfections. It is worth noting that the 
vibration behaviour of the beam containing a sine type or G1-mode imperfection with big amplitude 
magnitude ( 0A   0.3 for sine type and 0A  0.2 for G1-mode) even changes from “hard spring” to 
“soft-spring” (i.e. the nonlinear frequency ratio drops as vibration amplitude increases) within a 
certain range of vibration amplitudes then goes back to “hard spring” again beyond that range. 
However, the beam with an L1-mode imperfection always exhibits “hard spring” vibration behaviour. 
This suggests that the nonlinear vibration characteristics of FG-CNTRC beams with sine type and 
G1-mode imperfections largely depend on the initial imperfection mode and its amplitude as well as 
the vibration amplitude. Also, the numerical results further demonstrate that the vibration behaviour 
of these beams is more sensitive to G1-mode imperfection, followed by sine type then L1-mode 
imperfections. 
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Figure 4.34. Effect of imperfection amplitude on the nonlinear vibration behaviour of FG-CNTRC beams: 
(a) sine type, (b) G1-mode and (c) L1-mode. 
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4.3.6. Conclusions 
The nonlinear vibration behaviour of FG-CNTRC beams with initial geometric imperfections is 
investigated in this paper based on the first-order shear deformation beam theory and von Kármán 
geometric nonlinearity. Ritz method and an iteration procedure are employed to obtain linear and 
nonlinear vibration frequencies. A comprehensive parametric study shows that: 
(1) The linear fundamental frequency of the beam increases due to the existence of initial 
imperfection and this effect becomes more significant as the imperfection amplitude increases, 
except for the case of G2-mode imperfection. 
(2) The linear fundamental frequency is the highest for FGX distribution, followed by UD then 
FGO. The nonlinear frequency ratio, however, exhibits the opposite trend. 
(3) In the presence of an initial imperfection, the nonlinear frequency ratio versus vibration 
amplitude curve is no longer symmetric for FG-CNTRC beams. 
(4) An FG-CNTRC beam with intermediate CNT volume fraction has an intermediate linear 
frequency, but it does not necessarily have an intermediate nonlinear frequency ratio. 
(5) The CNT distribution pattern, boundary condition, and slenderness ratio play an important 
role in the imperfection sensitivity of nonlinear vibration behaviour of FG-CNTRC beams. 
However, the influence of CNT volume fraction is less significant. 
(6) The nonlinear vibration behaviour of FG-CNTRC beams is very sensitive to sine type and 
global imperfections (except for G2-mode), whereas the effect of localized imperfection and 
its location are much less pronounced.  
(7) Whether the FG-CNTRC beam exhibits “hard-spring” or “soft-spring” vibration behaviour 
depends on the initial imperfection mode and its amplitude as well as the vibration amplitude. 
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5. THERMO-ELECTRO-MECHANICAL ANALYSIS OF PIEZOELECTRIC 
FG-CNTRC BEAMS 
Owing to the electro-mechanical coupling effect, piezoelectric materials have been widely used as 
distributed actuators and sensors in smart structural system. The stability and vibration analyses of 
smart composite structures integrated with surface-mounted piezoelectric layers are of great practical 
importance for the structural active control and health monitoring. In previous studies, the effect of 
geomertic imperfections has not been considered and the shear deformation was neglected by using 
the classical beam theory. 
To fill the abovementioned research gap, the thermo-electro-mechanical analysis of piezoelectric FG-
CNTRC beams is carried out in this chapter. The FG-CNTRC beams are integrated with surface-
bonded piezoelectric actuators and subjected to a combined action of uniform temperature rise, axial 
in-plane force, and constant actuator voltage. The influences of geometric imperfections and shear 
deformation are also taken into account. The content of this chapter is organized as follows:  
(1) Section 5.1 investigates the thermo-electro-mechanical postbuckling behaviour of 
piezoelectric FG-CNTRC beams with geometric imperfections;  
(2) Section 5.2 presents the free vibration analysis of thermo-electro-mechanically postbuckled 
piezoelectric FG-CNTRC beams with geometric imperfections. 
Two journal papers are incorporated as Sectoion 5.1 and 5.2, respectively. 
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5.1. Thermo-Electro-Mechanical Postbuckling of Piezoelectric FG-CNTRC Beams with 
Geometric Imperfections 
Helong Wu1, Sritawat Kitipornchai1, Jie Yang2,* 
1 School of Civil Engineering, the University of Queensland, Brisbane, St Lucia 4072, Australia 
2 School of Engineering, RMIT University, PO Box 71, Bundoora, VIC 3083 Australia 
This paper has been published in the Smart Materials and Structures. 
5.1.1. Abstract 
This paper presents thermo-electro-mechanical postbuckling analysis of geometrically imperfect 
functionally graded carbon nanotube-reinforced composite (FG-CNTRC) hybrid beams that are 
integrated with surface-bonded piezoelectric actuators. The material properties of FG-CNTRCs are 
assumed to be temperature-dependent and graded in the thickness direction. By using a generic 
imperfection function, various possible imperfections with different shapes and locations in the beam 
are considered. The theoretical formulations are based on the first-order shear deformation beam 
theory with von-Kármán nonlinearity. A differential quadrature approximation based iteration 
process is employed to obtain the postbuckling equilibrium path of piezoelectric FG-CNTRC hybrid 
beams under thermo-electro-mechanical loading. Parametric studies are conducted to examine the 
effect of geometric imperfection, distribution pattern and volume fraction of carbon nanotubes, 
temperature rise, actuator voltage, beam geometry and boundary conditions on the thermo-electro-
mechanical postbuckling behaviour. The results show that the thermo-electro-mechanical 
postbuckling is considerably affected by the imperfection mode, half-wave number, location and 
amplitude, as well as the temperature rise and boundary conditions. The effect of applied actuator 
voltage is much less pronounced but tends to be relatively more noticeable as the slenderness ratio 
increases. 
Keywords: thermo-electro-mechanical postbuckling; functionally graded beam, carbon nanotube-
reinforced composites; piezoelectric materials; differential quadrature method 
5.1.2. Introduction 
The outstanding mechanical and thermal properties of the carbon nanotubes (CNTs) [1] make them 
one of the most promising reinforcement materials for high performance structural and 
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multifunctional composites [2, 3]. Compared with the conventional carbon fibre-reinforced 
composites, carbon nanotube-reinforced composites (CNTRCs) exhibit significantly increased 
strength and stiffness [4-6]. However, previous researches [5, 6] on CNTRCs have revealed that 
distributing CNTs uniformly or randomly in the matrix can achieve moderate improvement of the 
mechanical properties only. Shen [7] applied the concept of functionally graded materials (FGMs) to 
CNTRCs and suggested that the resulting mechanical properties can be further improved through a 
certain nonuniform distribution of CNTs in the matrix. Due to the graded variation in the volume 
fraction of CNT reinforcements, the material properties of functionally graded CNTRCs (FG-
CNTRCs) exhibit a continuous change from one surface to the other, thus eliminating the interface 
problems that usually take place in conventional nanocomposites. FG-CNTRCs can be prepared 
through a diversity of processing techniques, such as powder metallurgy, melting and solidification, 
thermal spray, electromechanical deposition, etc. [8]. By using a powder metallurgy route, Kwon et 
al. [9] successfully fabricated a functionally graded CNT-reinforced aluminium matrix composite, 
which experimentally proved the concept of FG-CNTRCs. 
Owing to their superior mechanical properties, such as high strength, high stiffness and light weight, 
FG-CNTRCs have great potentials for the development of advanced lightweight engineering 
structures in the form of beam, plate, or shell structural components which are vital in aerospace and 
defence industries [8]. Numerous studies have been reported on the mechanical behaviours of FG-
CNTRC structures, such as references [10-21], among many others. For the FG-CNTRC beams under 
in-plane loading, Ke et al. [22] studied the buckling of FG-CNTRC beams under an axial load and 
indicated that the critical buckling load is increased with an increase in CNT volume fraction. Based 
on Timoshenko beam theory, Yas and Samadi [23] analysed the buckling of nanocomposite beams 
reinforced by single-walled carbon nanotubes (SWCNTs) resting on an elastic foundation. They 
found that the beam with more CNTs distributed close to surfaces has a higher resistance to buckling. 
Wattanasakulpong and Ungbhakorn [24] suggested that the critical buckling load of FG-CNTRC 
beams can be improved when supported by an elastic foundation. Mayandi and Jeyaraj [25] 
investigated the thermal buckling of FG-CNTRC beams under different nonuniform temperature 
fields by finite element method. Their results revealed that the critical buckling temperature of the 
beams exposed to a uniform temperature filed is lower when compared to those under nonuniform 
temperature variations. Considering different distribution patterns of CNTs, Shen and Xiang [26] 
presented thermal buckling and postbuckling analyses of CNTRC beams resting on elastic 
foundations in thermal environments. Their results demonstrated that a beam with intermediate CNT 
volume fraction does not necessarily have intermediate buckling temperature and thermal 
postbuckling strength. Wu et al. [27] conducted a buckling analysis of sandwich beams with CNTRC 
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face sheets and found that the beam with FG-CNTRC face sheets has a higher buckling load than the 
beam with face sheets where the SWCNT reinforcements are uniformly distributed. 
Piezoelectric materials play a very important role in the control of the mechanical behaviour of 
structures due to their mechanical and electrical coupling effects. Smart composite structures, in 
which the piezoelectric materials are used as actuators or sensors, are of great practical importance 
and have received considerable attention from the research and engineering communities [28-33]. 
However, researches on FG-CNTRC structures with integrated piezoelectric layers are still limited in 
number. Among those, Rafiee and his co-authors investigated the large amplitude vibration [34] and 
thermal bifurcation buckling [35] of FG-CNTRC beams with piezoelectric layers subjected to a 
temperature change and an actuator voltage. Yang et al. [36] studied the dynamic buckling of thermo-
electro-mechanically loaded FG-CNTRC beams integrated with surface-bonded piezoelectric layers. 
In these researches [34-36], the classical beam theory was used by neglecting the shear deformation. 
Alibeigloo and Liew [37] carried out free vibration and bending analyses of FG-CNTRC beams 
equipped with piezoelectric actuator and sensor under an electric field. To the best of the authors’ 
knowledge, no work has reported the postbuckling behaviour of piezoelectric FG-CNTRC beams 
under thermo-electro-mechanical loading. 
Moreover, FG-CNTRC beams in the studies mentioned above were assumed to be perfectly straight. 
This is, however, not often the case in real-world situations, in which the structural members 
inevitably possess initial geometric imperfections that appear during the fabrication process. As 
revealed in [38-40], initial imperfections have a significant effect on the nonlinear behaviour of beams. 
Most recently, Wu et al. [41] examined the imperfection sensitivity of nonlinear vibration of FG-
CNTRC beams and found that the vibration behaviour is considerably affected by sine type and some 
global imperfections but much less influenced by localized imperfections.  
Hence, this paper is devoted to analyse the postbuckling behaviour of piezoelectric FG-CNTRC 
beams with initial geometric imperfections that are subjected to a combined action of uniform 
temperature rise, axial compressive load, and constant actuator voltage. Various possible geometric 
imperfections, which may come in different shapes and locations and be either globally or locally 
distributed in the beam, are considered by using a one-dimensional imperfection model. The 
governing equations are derived using Hamilton’s principle in the framework of the first-order shear 
deformation beam theory. The differential quadrature (DQ) method combined with the modified 
Newton-Raphson method is employed to determine the postbuckling equilibrium path of imperfect 
FG-CNTRC hybrid beams. Numerical results of postbuckling are presented in graphical form. 
Parametric studies are conducted to highlight the effects of initial geometric imperfection shapes, 
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locations, and amplitudes on the thermo-electro-mechanical postbuckling response. The influences 
of temperature rise, actuator voltage, distribution pattern and volume fraction of CNTs, beam 
geometry and boundary conditions on the thermo-electro-mechanical buckling and postbuckling 
characteristics are discussed as well. 
5.1.3. Piezoelectric CNTRC beam model 
The piezoelectric CNTRC hybrid beam of length L and total thickness H under consideration is 
defined in a Cartesian coordinate, as shown in Figure 5.1(a). The beam is comprised of a CNTRC 
host of thickness h and two piezoelectric layers of equal thickness hp that are symmetrically and 
perfectly bonded to the top and bottom surfaces of CNTRC host layer.  
 
Figure 5.1. Configuration and coordinate system of the piezoelectric CNTRC beam. 
The CNTRC host beam is made from a mixture of isotropic matrix and CNTs. Shown in Figure 5.1(b) 
are the three typical distributions of CNTs in CNTRC host in which the CNT reinforcements are 
either symmetrically functionally graded (FG) or uniformly distributed (UD) in the thickness 
direction. For the case of FGX, the top and bottom surfaces are CNT rich while this is inversed for 
FGO where the mid-plane is CNT rich. For UD, the volume fraction of CNTs is assumed to be 
constant across the thickness. The CNT volume fraction cnV  for the three symmetrical distribution 
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where cnw  is the mass fraction of CNTs; cn and m  are the mass densities of the CNT and matrix, 
respectively. It is evident that with Eq. (5.1) the three distributions of FGX, FGO and UD have the 
same value of total volume fraction of CNTs.  
The extended rule of mixture [7] that takes into consideration the size-dependence of resulting 
nanostructures is used to estimate the effective Young’s moduli and shear modulus of CNTRCs: 
cn














  , (5.5) 
where cn11E , 
cn
22E , mE , 
cn
12G and mG  are Young’s moduli and shear moduli, the volume fractions cnV  
and mV  are related by cnV + mV = 1, with superscript/subscript “cn” and “m” referring to the CNTs and 
matrix, respectively. The CNT efficiency parameters i  (i = 1, 2, 3) are introduced in Eqs. (5.3)-(5.5) 
to account for the size-dependent material properties and can be determined by matching the elastic 
moduli of CNTRCs predicted by the molecular dynamics simulations to those obtained from the rule 
of mixture. The effective thermal expansion coefficients of CNTRCs are also graded in the thickness 
direction and can be expressed as 
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22  and m  are thermal expansion coefficients of the 
CNT and matrix, respectively. The temperature dependency of material properties is taken into 
account in this study as well. Hence, the effective material properties of CNTRCs given in Eqs. (5.3)-
(5.7) are the functions of both temperature and position. The Poisson’s ratio depends weakly on the 
temperature change and is approximated by 
cn
12 cn 12 m mV V    . (5.8) 
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5.1.4. Theoretical formulations 
 Governing equations 
Consider the piezoelectric hybrid beam with an initial transverse geometric imperfection W

 and 
under the combined action of an elevated temperature, an axial compressive force and a constant 
actuator voltage. Let U  and W  be the beam displacements parallel to the coordinates (x, z) and   
be the mid-plane rotation of the normal about the y-axis. According to the first-order shear 
deformation beam theory, the displacements of an arbitrary point in the beam are given by 
 ,  ( ) ( )U x z U x z x  ,       ,  ( ) ( )W x z W x W x  , (5.9) 
where U and W are the additional displacement components in the mid-plane (z = 0) that are induced 
by the thermo-electro-mechanical loading. The initial geometric imperfections may come in various 
shapes and be either globally or locally distributed in the beam. For this reason, a one-dimensional 
imperfection model [41, 42] that takes the form of the product of trigonometric and hyperbolic 
functions as below is used to simulate various possible imperfection shapes of the beam  
   * 0 sech - cos -W A r a c b c          , (5.10) 
where x L  , r I A  is the radius of gyration of the cross section in which A and I are the area 
of the cross section and the second moment of area, respectively. 0A  is the dimensionless amplitude 
of the imperfection; a is the constant that defines the localization degree of the imperfection, and b is 
the half-wave number of the imperfection that is symmetric about  = c. The imperfection mode 
shapes considered in this study are given in Table 5.1 [41] in which Gi and Li (i = 1, 2, 3, 4) represent 
the global and localized imperfection modes, respectively. 
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It is assumed that the beam is initially stress free at the reference temperature 0T  before subjected to 
a uniform temperature rise 0T T T    and a constant electric voltage. The nonlinear stress-strain 
relationships for the CNTRC host and piezoelectric layers are  
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where the superscript/subscript “h” and “p” indicate the CNTRC host and piezoelectric layers, 
respectively. 31d  is the piezoelectric strain constant, zE  is the electric field in the thickness direction 
generated by the applied voltage zV . It is assumed that for a thin piezoelectric layer the self-induced 
electric filed resulting from variations in stress and temperature (so called direct piezoelectric effect) 
is insignificant compared with the applied electric field [43]. A uniform distribution of the electric 
potential in the longitudinal direction and linear distribution in the thickness direction is adopted here, 
therefore the relationship between the electric field and applied voltage can be described as 
z pzE V h . (5.14) 
Table 5.1 Imperfection modes [41]. 
 
Sine-type 
a = 0, b=1, c=0.5 
 
G1-mode 
a = 0, b=2, c=0.5 
 
G2-mode 
a = 0, b=3, c=0.5 
 
G3-mode 
a = 0, b=5, c=0.5 
 
G4-mode 
a = 0, b=7, c=0.5 
 
L1-mode 
a = 15, b=2, c=0.5 
 
L2-mode 
a = 15, b=3, c=0.5 
 
L3-mode 
a = 15, b=5, c=0.5 
 
L4-mode 
a = 15, b=7, c=0.5 
 
The reduced elastic constants are calculated from 
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in which, pE , p  and p  are Young’s modulus, Poisson’s ratio and thermal expansion coefficient of 
the piezoelectric layer, respectively. 
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By using Hamilton’s principle, the nonlinear governing equations of an imperfect piezoelectric 
CNTRC beam that is subjected to the combined action of a uniform temperature variation T , an 
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in which the shear correction factor  = 5/6. Superscripts “T” and “E” represent the terms contributed 
by thermal and electric loadings, respectively. The thermally and electrically induced forces TxN  and 
E
xN , and moments 
T
xM  and 
E
xM  are given by 
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The stretching stiffnesses 11A  and 55A , stretching-bending coupling stiffness 11B  and bending 
stiffness 11D  are defined as 
   
/2 /2 /2
p 2 h 2 p 2
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Note that for a uniform temperature rise and a constant electrical field the derivatives of thermo-
electrically induced forces and moments with respective to x are zero. Substituting Eqs. (5.19)-(5.21) 
into Eqs. (5.16)-(5.18), the nonlinear governing equations in terms of displacements can be obtained 
as 
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, (5.27) 
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In the present analysis, the CNTRC hybrid beam may be either clamped or hinged at each end. The 
associated out-of-plane boundary conditions are given by 
Clamped (C): U = W = ψ = 0. (5.29) 
Hinged (H): U = W = xM = 0, (5.30) 
 Dimensionless governing equations 
By introducing the following dimensionless quantities: 
x
L
  ,    *, , , ,u w w U W W r  ,   ,    211 55 11 11 11 55 11 11 110, , , , , ,a a b d A A B r D r A , 
r L  ,    T E T E0 110, , , ,x x xP P P N N N A ,      T E T E 110, ,x xM M M M A r , (5.31) 
where 110A  is the value of 11A  of an equivalent homogeneous beam made from pure matrix material, 
the nonlinear governing equations (26)-(28) can be transformed into dimensionless form as 
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Similarly, the out-of-plane boundary conditions in Eqs. (5.29) and (5.30) can also be rewritten in a 
dimensionless form as 
Clamped (C): u = w = φ = 0, (5.35) 
Hinged (H): u = w =  
2 *
T E




u w w w
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. (5.36) 
5.1.5. Solution methodology 
A DQ-based iteration process is employed to obtain the thermo-electro-mechanical postbuckling 
response of the piezoelectric CNTRC beam. Using the DQ approximation, the nonlinear governing 
equations and the associated boundary conditions are first discretized and converted into a set of 
nonlinear algebraic equations that is then solved by an iterative procedure, from which the thermo-
electro-mechanical postbuckling equilibrium path can be determined. 
According to the DQ discretization rule, the displacement components u, w, and φ and their kth partial 
derivatives with respect to  can be approximated by 
1
{ , , } ( ){ , , }
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m m m m
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where { , , } { , , }
m
m m m x x
u w u w 
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C  is the 
weighting coefficient for the kth partial derivative of unknown displacement components and can be 
calculated from the recursive formulae given in [44-46]. N is the total number of grid points that are 
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, i = 1, 2, …, N. (5.38) 
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Applying the above DQ approximations to the dimensionless partial differential governing equations 
(5.32)-(5.34) yields 
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The dimensionless out-of-plane boundary conditions in Eqs. (5.35) and (5.36) can be handled in the 
same way as 
1u = 0, 1w = 0, 1 = 0, (5.42) 
Nu = 0, Nw = 0, N = 0, (5.43) 
for the beam with clamped ends at x = 0, L, respectively, and 
1u = 0, 1w = 0,
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for hinged ends at x = 0, L. 
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In view of Eqs. (5.22) and (5.23) and keeping Eq. (5.31) in mind, substitution of the associated 
boundary conditions in (5.42)-(5.45) into the governing equations (5.39)-(5.41) leads to a set of 
nonlinear algebraic equations that governs the thermo-electro-mechanical postbuckling behaviour of 
the beam and can be expressed in the matrix form as 
 L T z E P NL1 NL2T V P     K K K K K K d R , (5.46) 
where the unknown displacement vector  
T
T T T{ } ,{ } ,{ }i i iu w d  (i = 1, 2, …, N), LK , TK , EK , 
PK , NL1K  and NL2K  are 3N×3N stiffness matrices, among which PK  is the constant coefficient 
matrix, the elements in matrices LK , TK  and EK  are functions of temperature, while those in NL1K  
and NL2K  are not only dependent on the temperature but also are linear and quadratic functions of the 
unknown displacements, respectively. The right-hand side term R may come from the initial 
geometric imperfection as well as the thermo-electro-mechanically induced stress resultants and 
bending moments appearing in the boundary conditions at the hinged ends. 
In case of a perfect piezoelectric hybrid beam with W

= 0, R will automatically vanish in the absence 
of the stretching-bending coupling effect (i.e. 11B = 0) or when the beam is fully clamped at both ends 
[47]. Therefore, the bifurcation-type buckling does occur. Otherwise, the transverse deflection would 
be initiated in the beam under the thermo-electro-mechanical loading, regardless of the magnitude of 
the loading. That is, the bifurcation-type buckling will not take place. By eliminating geometric 
imperfection related terms and setting R = 0 in Eq. (5.46), the thermo-electro-mechanical buckling 
load and postbuckling equilibrium path of the perfect CNTRC hybrid beam can be obtained by the 
iterative scheme detailed by Liew et al. [29]. 
For a geometrically imperfect piezoelectric hybrid beam with W

≠ 0, R will be nonzero even when 
the beam is fully clamped or its stretching-bending coupling element 11B = 0. This implies that even 
a very small thermo-electro-mechanical loading will induce both bending moment and deflection, 
indicating that the bifurcation-type buckling is no longer possible. In such a case, the nonlinear 
thermo-electro-mechanical postbuckling path can be traced by the modified Newton-Raphson 
iterative procedure [48, 49]. For a given dimensionless axial load P, let kd  denote the approximate 
solution at the kth iteration, the corresponding correction kd  can be obtained by 
   
1
Tan L T z E P NL1 NL2k kT V P

         d K R K K K K K K d , (5.47) 
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where TanK  is the tangent stiffness matrix and defined as 
Tan L T z E P NL1 NL22 3T V P     K K K K K K K . (5.48) 
NL1K  and NL2K  can be evaluated based on the trial solution kd . The approximate solution is updated 
at the end of each iteration by  
1k k k  d d d . (5.49) 














By finding the unknown displacements at different values of P, the thermo-electro-mechanical 
postbuckling equilibrium path can be determined for geometrically imperfect piezoelectric CNTRC 
hybrid beams. 
It should be mentioned that Eq. (5.46) and the above solution procedures can also be used to analyse 
several subset problems, including the compressive buckling and postbuckling, thermal buckling and 
postbuckling, as well as the thermo-mechanical buckling and postbuckling of perfect and imperfect 
piezoelectric CNTRC hybrid beams.  
5.1.6. Results and discussion 
Parametric studies are conducted in this section to supply information on the postbuckling equilibrium 
paths of perfect and imperfect piezoelectric CNTRC hybrid beams that are subjected to thermo-
electro-mechanical loading.  
In what follows, the CNTRC host of thickness h = 0.01 m is made from PMMA matrix and armchair 
(10, 10) SWCNT reinforcements. The material properties of PMMA are assumed to be mE = (3.52-
0.0034T) GPa, m = 45(1+0.0005 T ) 10
-6/K, m = 1150 kg/m
3 and m = 0.34. Those of SWCNTs 
at different temperatures are given in Table 5.2 [50]. The CNT efficiency parameters used in Eqs. 
(5.3)-(5.5) are estimated by matching Young’s and shear moduli of CNTRCs calculated from the rule 
of mixture to those obtained from the molecular dynamics simulations by Han and Elliott [51]. As 
reported in [50], 1 = 0.137, 2 = 1.022 and 3 =0.715 for the case of cnV
 = 0.12, 1 = 0.142, 2 = 1.626 
and 3 =1.138 for cnV
 = 0.17, and 1 = 0.141, 2 = 1.585 and 3 =1.109 for cnV
 = 0.28. The 
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piezoelectric layers are made of PZT G1195N that is assumed to be temperature-independent with 
pE =63.0 GPa, p = 7600 kg/m
3, p = 0.3, p = 0.910
-6 /K and 31d = 2.5410
-10 m/V. 
Table 5.2 Temperature-dependent material properties for (10, 10) SWCNT ( cn = 1400 kg/m
3, 
cn




11E  (TPa) 
cn
22E  (TPa) 
cn







300 5.6466 7.0800 1.9445 3.4584 5.1682 
500 5.5308 6.9348 1.9643 4.5361 5.0189 
700 5.4744 6.8641 1.9644 4.6677 4.8943 
1000 5.2814 6.6220 1.9451 4.2800 4.7532 
 
 Convergence and comparison studies 
Prior to the thermo-electro-mechanical postbuckling analyses of piezoelectric FG-CNTRC beams, 
convergence and comparison studies are first undertaken to ensure the accuracy and effectiveness of 
the present formulation and solution method. To this end, the thermo-electro-mechanical buckling 
and postbuckling of C-C piezoelectric FGX-CNTRC beams are solved as a sample problem. The 
results with varying number of grid points N are compared in Table 5.3 where crP  and NLP  are the 
dimensionless buckling and postbuckling loads, respectively; cw  is the dimensionless central 
deflection of the beam. The postbuckling load NLP  of the perfect FGX-CNTRC hybrid beam 
corresponds to cw = 2.0, while for the imperfect hybrid beam, the dimensionless central deflection 
cw  is given at NLP = 0.25. The present solutions converge well when the number of grid points is 
increased to N  17. Hereafter, N = 17 is used in all the following numerical computations. 
Since there are no appropriate results on the thermo-electro-mechanical buckling and postbuckling 
of piezoelectric CNTRC hybrid beams for a direct comparison, the buckling of perfect CNTRC beams 
that are subjected to an axial compression are solved and the critical buckling loads are compared in 
Table 5.4 with those given by Yas and Samadi [23]. Furthermore, the compressive postbuckling 
equilibrium paths of two six-layer laminated beams are given in Figure 5.2 together with those 
obtained by Gupta et al. [52]. The beams have a length of 250 mm, width of 10mm, and height of 1 
mm and are fully clamped at both ends. The material properties used in this instance are 1E = 155 
GPa, 2E = 12.1 GPa, 12G = 4.4 GPa, and 12 = 0.248. As can be seen, our results agree well with the 
existing ones. 
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Table 5.3 Comparison of thermal-electro-mechanical results with varying number of grid points for C-C 
piezoelectric FGX-CNTRC beams (L/H = 25, hp/h = 1/10, cnV

= 0.17, zV = 500V, T = 100K). 
N 
Perfect ( 0A = 0)  Imperfect ( 0A = 0.1, sine type) 
crP  ( cw = 0.0) NLP  ( cw = 2.0)  cw  ( NLP = 0.25) 
9 0.2129 0.2655  1.7959 
11 0.2129 0.2712  1.7388 
13 0.2129 0.2714  1.7371 
15 0.2129 0.2714  1.7303 
17 0.2129 0.2714  1.7305 
21 0.2129 0.2714  1.7305 
 
Table 5.4 Comparison of dimensionless buckling loads for perfect CNTRC beams (L/H = 15). 
BC CNTRC cn
V  = 0.12  cnV

= 0.17  cnV

= 0.28 
Present Ref. [23]  Present Ref. [23]  Present Ref. [23] 
C-C FGX 0.2441 0.2459  0.3995 0.4035  0.5230 0.5330 
 UD 0.2126 0.2140  0.3414 0.3443  0.4487 0.4556 
 FGO 0.1560 0.1568  0.2437 0.2452  0.3427 0.3470 
H-H FGX 0.1283 0.1288  0.1989 0.1999  0.2867 0.2896 
 UD 0.0983 0.0986  0.1500 0.1506  0.2193 0.2209 
 FGO 0.0587 0.0588  0.0875 0.0877  0.1331 0.1338 
 

























Figure 5.2. Comparison of postbuckling paths for laminated beams under axial compression. 
 Parametric studies 
We then investigate the postbuckling of piezoelectric CNTRC beams under thermo-electro-
mechanical loading. Unless otherwise stated, numerical results in the form of dimensionless 
postbuckling load NLP  plotted against the dimensionless additional central deflection cw  are 
presented for C-C imperfect piezoelectric FGX-CNTRC beams with L/H = 25, ph /h = 1/10, cnV
 = 
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0.17 and 0A = 0.1 under a uniform temperature rise T = 100 K and a constant actuator voltage zV = 
500 V. The imperfection modes in the following examples are assumed to be symmetric (i.e. c = 0.5) 
about the beam centre (i.e.  = 0.5) except for the case in Figure 5.11. Results for those perfect 
piezoelectric beams are also given for direct comparison. 
Figure 5.3 compares the postbuckling response for thermo-electrically stressed and unstressed 
piezoelectric FG-CNTRC beams with a slenderness ratio L/H = 40. Results for the hybrid beams with 
a pure PMMA host are also given for comparison. The imperfect beam is assumed to contain a sine 
type imperfection. It is seen that the postbuckling performance is significantly enhanced by 
incorporation of SWCNTs as compared to the PMMA hybrid beam. The results also confirm that the 
bifurcation-type buckling does not take place when the beam is geometrically imperfect. It should be 
noted that the postbuckling path of an initially stressed imperfect piezoelectric beam do not start from 
the coordinate origin due to the initial deflections induced by the thermo-electrical load. The existence 
of initial geometric imperfection leads to bending moment and deflection no matter how small the in-
plane loading is, as was discussed in Section 4. Moreover, the postbuckling curve of a piezoelectric 
FG-CNTRC beam becomes lower when subjected to a temperature rise and a positive voltage, as well 
as the initial geometric imperfection. 
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Figure 5.3. Comparison of postbuckling response for thermo-electrically stressed and unstressed 
piezoelectric FG-CNTRC beams. 
The effects of distribution pattern and volume fraction of CNTs on the thermo-electro-mechanical 
postbuckling of piezoelectric CNTRC beams are displayed in Figures 5.4 and 5.5, respectively. Here 
three imperfection modes are considered: sine type, G1- and L1-modes. It is seen that the piezoelectric 
FGX-CNTRC beam has the highest postbuckling equilibrium path, followed by the same beams with 
UD and FGO distributions. In addition, the postbuckling curve becomes higher as the CNT volume 
fraction increases. The difference between postbuckling curves of perfect and imperfect beams shows 
Chapter 5. Thermo-electro-mechanical analysis of piezoelectric FG-CNTRC beams 
132 
that the thermo-electro-mechanical postbuckling is more sensitive to G1-mode imperfection rather 
than L1-mode and sine type imperfections.  
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Figure 5.4. Effect of CNT distribution on thermo-electro-mechanical postbuckling paths of piezoelectric 
CNTRC beams. 
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Figure 5.5. Effect of CNT volume fraction on thermo-electro-mechanical postbuckling paths of piezoelectric 
FG-CNTRC beams. 
Figures 5.6 and 5.7 demonstrate the effects of temperature rise and applied voltage on the thermo-
electro-mechanical postbuckling response of piezoelectric FG-CNTRC beams that contain a sine type 
imperfection. The applied voltage and temperature rise are fixed at zV = 500 V in Figure 5.6 and T
= 100 K in Figure 5.7, respectively. As can be seen, the postbuckling curve becomes lower as the 
temperature and slenderness ratio increase, whereas the effect of applied voltage is much less 
pronounced. This is due to the fact that the magnitude of the piezoelectric strain constant is much 
smaller than that of the thermal expansion coefficient. Figure 5.7(b) shows that the effect of applied 
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voltage becomes relatively more noticeable at a higher slenderness ratio. The results also show that 
the application of a negative actuator voltage does enhance the postbuckling performance, although 
not remarkably. 
Figure 5.8 depicts the postbuckling response of piezoelectric FG-CNTRC beams with different 
boundary conditions (C-C, C-H and H-H). As expected, the beam with C-C boundary conditions has 
a higher postbuckling path than others. It is interesting to see that the postbuckling curve of the sine 
type shaped beam is closer to that of the L1-mode featured beam for C-C boundary conditions but is 
closer to that of the G1-featured beam for H-H boundary conditions. 
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Figure 5.6. Effect of temperature rise on thermo-electro-mechanical postbuckling paths of piezoelectric FG-
CNTRC beams. 
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Figure 5.7. Effect of applied voltage on thermo-electro-mechanical postbuckling paths of piezoelectric FG-
CNTRC beams: (a) L/H = 25; (b) L/H = 60. 






























Figure 5.8. Effect of boundary conditions on thermo-electro-mechanical postbuckling paths of piezoelectric 
FG-CNTRC beams. 
In Figures 5.3-5.8, the starting point in the postbuckling curve at wc = 0 of a perfect hybrid beam 
represents its critical thermo-electro-mechanical buckling load. As can be seen in Figure 5.3, the 
buckling load of the hybrid beam comprised of a FGX-CNTRC host is significantly higher than that 
of the beam with a pure PMMA host, which indicates that SWCNTs have a remarkable enhancement 
effect on the thermo-electro-mechanical buckling characteristic of piezoelectric beams. Moreover, 
among the three CNT distribution patterns considered in Figure 4, FGX gives the highest buckling 
load, followed by UD and FGO. Figure 5.5 shows that the buckling load increases with an increase 
in the CNT volume fraction. However, the results in Figures 5.6 and 5.7 show that the buckling load 
is reduced as a result of an elevated temperature and a positive voltage. This is because both the 
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temperature rise and positive voltage create a compressive initial stress state which weakens beam 
stiffness. In contrast, applying a negative voltage produces a tensile initial stress state which 
strengthens the beam stiffness consequently increases the buckling load. It is also noted that the effect 
of electric loading is much less pronounced than that of thermal loading. This is, as mentioned in 
postbuckling analysis, due to the significantly smaller piezoelectric strain constant than the thermal 
expansion coefficient. As expected in Figure 5.8, the buckling load of a C-C piezoelectric FGX-
CNTRC beam is significantly higher than that of the same C-H and H-H beams. 
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Figure 5.9. Effect of half-wave number on thermo-electro-mechanical postbuckling paths of piezoelectric 
FG-CNTRC beams with (a) a global imperfection and (b) a localized imperfection. 
We next examine how the imperfection parameters, including the imperfection mode, half-wave 
number, location and amplitude, affect the thermo-electro-mechanical postbuckling of piezoelectric 
FG-CNTRC beams. To begin with, the effects of half-wave number in the global and localized 
imperfections are studied in Figures 5.9(a) and (b), respectively. As shown in Table 5.1, the half-
Chapter 5. Thermo-electro-mechanical analysis of piezoelectric FG-CNTRC beams 
136 
number is b = 2, 3, 5 and 7 for global imperfections G1, G2, G3, G4 and also for localized 
imperfections L1, L2, L3, L4. The results shows that the postbuckling equilibrium path is more 
lowered by the imperfection containing fewer half-waves. It is interesting to note that the negative 
deflections happen to the G3-mode with 5 half-waves. The difference between the postbuckling 
curves of perfect and imperfect beams indicates that the thermo-electro-mechanical postbuckling is 
more sensitive to the global imperfections rather than the localized imperfections. 
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Figure 5.10. Effect of imperfection location on thermo-electro-mechanical postbuckling paths of 
piezoelectric FG-CNTRC beams: (a) G1-mode; (b) L1-mode. 
Figure 5.10 evaluates the effect of imperfection location on the thermo-electro-mechanical 
postbuckling of piezoelectric FG-CNTRC beams that contain either a G1- or an L1-mode 
imperfection. The postbuckling paths for those imperfect beams, in which the imperfection centre is 
located at  = 0.1, 0.2, 0.3, 0.4 and 0.5 (i.e. c = 0.1, 0.2, 0.3, 0.4 and 0.5 in Eq. (5.10)), are calculated 
and compared. Note that c = 0.5 represents a symmetric imperfection whose geometric centre 
coincides with the beam centre  = 0.5. The results in Figure 5.10(a) reveal that FG-CNTRC hybrid 
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beams with a G1-mode imperfection have negative deflections when c = 0.1 and 0.2, and their 
postbuckling paths are symmetrical to those of c = 0.4 and 0.3, respectively. This is due to the anti-
symmetry between G1-mode shapes with c = 0.1 and 0.2 and those with c = 0.4 and 0.3. Negative 
deflections are also observed in the beams with an L1-mode imperfection of c = 0.1 and 0.2. Both 
Figures 5.10(a) and (b) show that the thermo-electro-mechanical postbuckling curve of a piezoelectric 
FG-CNTRC beam is most lowered at c = 0.5, indicating that its postbuckling behaviour is most 
affected by the symmetric imperfection. 
The thermo-electro-mechanical postbuckling responses of imperfect piezoelectric FG-CNTRC beams 
with dimensionless imperfection amplitude 0A = 0.05, 0.10, 0.20 and 0.30 are compared in Figures 
5.11(a), (b) and (c) where sine type, G1- and L1-mode imperfections are considered, respectively. 
Numerical results show that the larger the imperfection amplitude, the lower the postbuckling path. 
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Figure 5.11. Effect of imperfection amplitude on thermo-electro-mechanical postbuckling paths of 
piezoelectric FG-CNTRC beams: (a) sine type; (b) G1-mode; (c) L1-mode. 
As can be observed in Figures 5.4-5.11, the imperfect piezoelectric FG-CNTRC beam with a lower 
postbuckling path has a larger initial deflection that is caused by thermo-electrical loading and most 
affected by the slenderness ratio, temperature variation and imperfection amplitude.  
5.1.7. Conclusions 
This paper investigates the thermo-electro-mechanical postbuckling of piezoelectric FG-CNTRC 
hybrid beams with various geometric imperfections in the framework of the first-order shear 
deformation beam theory. By employing the DQ method in conjunction with modified Newton-
Raphson technique, the postbuckling equilibrium paths are determined and presented for both perfect 
and imperfect hybrid beams. Our results show that the buckling load of perfect hybrid beams is 
reduced by the temperature rise and positive actuator voltage, but improved by the application of a 
negative voltage. The imperfect hybrid beams, however, do not exhibit the bifurcation buckling due 
to the existence of geometric imperfections. Moreover, initial deflections develop in an imperfect 
hybrid beams when subjected to thermo-electrical loading. Parametric studies reveal that the thermo-
electro-mechanical postbuckling of hybrid beams is considerably affected by the imperfection mode, 
half-wave number, location and amplitude, as well as the temperature rise. The effect of applied 
voltage is insignificant but tends to be more pronounced at a larger slenderness ratio. It is also found 
that the thermo-electrically stressed imperfect piezoelectric FG-CNTRC beam with a lower 
postbuckling path has a larger initial deflection that is most affected by the slenderness ratio, 
temperature variation and imperfection amplitude. The effects of CNT distribution pattern and 
volume fraction and boundary conditions on the thermo-electro-mechanical buckling (where it is 
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applicable) and postbuckling behaviour of FG-CNTRC hybrid beams are also discussed and 
demonstrated through various numerical examples. 
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5.2. Free Vibration of Thermo-Electro-Mechanically Postbuckled FG-CNTRC Beams with 
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5.2.1. Abstract 
This paper investigates the free vibration of geometrically imperfect functionally graded carbon 
nanotube-reinforced composite (FG-CNTRC) beams that are integrated with two surface-bonded 
piezoelectric layers and subjected to a combined action of a uniform temperature rise, a constant 
actuator voltage and an in-plane force. The material properties of FG-CNTRCs are assumed to be 
temperature-dependent and vary continuously across the thickness. A generic imperfection function 
is employed to simulate various possible imperfections with different shapes and locations in the 
beam. The governing equations that account for the influence of initial geometric imperfection are 
derived based on the first-order shear deformation theory. The postbuckling configurations of FG-
CNTRC hybrid beams are determined by the differential quadrature method combined with the 
modified Newton-Raphson technique, after which the fundamental frequencies of hybrid beams in 
the postbuckled state are obtained by a standard eigenvalue algorithm. The effects of CNT distribution 
pattern and volume fraction, geometric imperfection, thermo-electro-mechanical load, as well as 
boundary condition are examined in detail through parametric studies. The results show that the 
fundamental frequency of an imperfect beam is higher than that of its perfect counterpart. The 
influence of geometric imperfection tends to be much more pronounced around the critical buckling 
temperature. 
Keywords: free vibration; postbuckling; functionally graded materials; carbon nanotube-reinforced 
composites; piezoelectric materials; thermo-electro-mechanical load 
5.2.2. Introduction 
Due to the superior mechanical properties, functionally graded carbon nanotube-reinforced 
composites (FG-CNTRCs) in which carbon nanotube (CNT) reinforcements are dispersed 
                                                 
* Corresponding author. Tel.: 61-03-99256169; Fax: 61-03-99256108 
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nonuniformly in the matrix have attracted considerable scientific and technological interests in the 
past few years [1-4]. Numerous research works have been done on the free vibration of FG-CNTRC 
structures. Among those, Ke et al. [5] carried out nonlinear vibration analysis of FG-CNTRC beams 
based on Timoshenko beam theory. Yas and Samadi [6] studied the free vibration of FG-CNTRC 
beams resting on an elastic foundation. Wattanasakulpong and Ungbhakorn [7] analytically 
investigated the same problem using various shear deformation theories. Shen and Xiang [8] 
discussed the nonlinear vibration of FG-CNTRC beams resting on an elastic foundation in thermal 
environment. Lin and Xiang [9, 10] examined the linear and nonlinear free vibrations of FG-CNTRC 
beams using p-Ritz method. Based on the two-dimensional elasticity theory, Nejati et al. [11] 
presented the vibration analysis of FG-CNTRC beams under a compressive axial load. Wu et al. [12] 
extended the existing works to the geometrically imperfect FG-CNTRC beams and revealed that the 
initial geometric imperfection has an important effect on the nonlinear vibration behaviour. 
The high-performance composite structures are often subjected to combined thermal and mechanical 
loads. The thermo-mechanically induced postbuckling deformation will change the structural 
configuration and influence the vibration characteristics that can ultimately affect the stability and 
control of those structures [13-19]. In spite of its practical importance, very limited work has been 
reported on the free vibration of postbuckled FG-CNTRC beams. Most recently, Shen et al. [20] 
analysed the small- and large-amplitude vibration of thermally postbuckled FG-CNTRC beams 
resting on elastic foundations. With the exception of [12], it appears that previous studies of the 
vibration behaviour have mainly focused on the perfect straight beams. In reality, geometric 
imperfection is inevitable in structural elements during their fabrication process and service life. As 
reported in [21], those geometric imperfections have a considerable effect on the vibration 
characteristics of composite beams in the vicinity of postbuckling configuration. To the best of the 
authors’ knowledge, so far there is no literature on the free vibration of geometrically imperfect FG-
CNTRC beams under thermo-mechanical loads. 
Owing to the electro-mechanical coupling effect, piezoelectric materials have been widely used as 
distributed actuators and sensors in smart structural system. The stability and vibration analyses of 
smart composite structures integrated with surface-mounted piezoelectric layers are of great practical 
importance for active structural control and health monitoring [22, 23]. Rafiee and his co-workers 
investigated the nonlinear vibration [24] and thermal buckling [25] of piezoelectric FG-CNTRC 
beams under thermo-electric loads. Alibeigloo and Liew [26] studied the bending and free vibration 
of FG-CNTRC beams integrated with piezoelectric actuator and sensor under an applied electric field. 
Yang et al. [27] presented a dynamic buckling analysis of thermo-electro-mechanically loaded FG-
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CNTRC beams with surface-bonded piezoelectric layers. Wu et al. [28] dealt with the thermo-electro-
mechanical postbuckling of piezoelectric FG-CNTRC beams with geometric imperfections. 
This paper aims to investigate the free vibration of FG-CNTRC beams that are integrated with 
surface-bonded piezoelectric layers and subjected to thermo-electro-mechanical loads in both the pre- 
and post-buckling equilibrium states. Material properties of FG-CNTRCs are assumed to be graded 
in the thickness direction and estimated by the extended rule of mixture. A one-dimensional 
imperfection mode is used to model various possible geometric imperfections that may come in 
different shapes and locations in the beam. Parametric studies are conducted to highlight the effects 
of geometric imperfection mode, half-wave number, location and amplitude on the vibration response 
of piezoelectric FG-CNTRC beams. The influences of CNT distribution pattern and volume fraction, 
temperature rise, actuator voltage, in-plane force, and boundary condition are discussed as well. The 
thermal postbuckling of electro-mechanically prestressed piezoelectric FG-CNTRC beams is treated 
as a subset problem. 
5.2.3. Theoretical formulations 
 Effective material properties 
Consider a piezoelectric CNTRC hybrid beam of length L and total thickness H. The hybrid beam 
consists of two piezoelectric layers of equal thickness hp that are symmetrically bonded to the top and 
bottom surfaces of a CNTRC host of thickness h. The CNT reinforcements are assumed to be either 
functionally graded (FGX and FGO) or uniformly distributed (UD) along the thickness direction, 
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in which the total CNT volume fraction V
 * 
cn for the three distribution patterns of FGX, FGO and UD 
are the same to facilitate direct comparison. 
The effective material properties of CNTRC that are graded across the thickness direction can be 
predicted by the extended rule of mixture [1] 
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12 , Gm are Young’s and shear moduli; the volume fraction Vcn and Vm are related by Vcn + Vm = 
1; ρcn and ρm are mass densities; ν
cn 
12  and νm are Poisson’s ratios. ηi (i = 1, 2, 3) are the CNT efficiency 
parameters accounting for the size-dependence of the nanocomposites. The thermal expansion 
coefficient of CNTRC is given by 
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in which αcn 12  and αm are thermal expansion coefficients of the CNT and matrix, respectively. By taking 
into consideration the temperature dependency, the effective material parameters of CNTRC given in 
Eqs. (5.52)-(5.57) are functions of both temperature and position. 
 Governing equations 
Let the origin of coordinate system (X, Z) be located at the corner of mid-plane (Z = 0), with the 
coordinates X and Z along the length and thickness directions of the beam, respectively. Based on the 
first shear deformation theory (FSDT), the displacements of an arbitrary point in the hybrid beam 
parallel to X and Z directions are given by 
 , , ( , ) ( , )U X Z t U X t Z X t  ,       , ( ) ( )W X t W X W X  , (5.58) 
where U and W are the longitudinal and transverse displacement components in the mid-plane, ψ is 
the angle of rotation of the normal to the mid-plane, t is the time. W* is the initial geometric 
imperfection that may be either globally or locally distributed in the beam. The various possible 
imperfection shapes are simulated by a one-dimensional imperfection model [12, 29] that is the 
product of trigonometric and hyperbolic functions as 
   * 0 sech - cos -W A r a x c b x c        , (5.59) 
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in which x = X/L, r = I A  is the gyration radius of the beam cross section with A and I being the 
area and the second moment of the cross section; A0 is the dimensionless imperfection amplitude; a 
is the constant that determines the localization degree of the imperfection; b is the half-wave number 
of the imperfection that is symmetric about x = c. Table 5.5 lists the imperfection modes considered 
in this study, among which Gi and Li (i = 1, 2, 3, 4) are global and localized imperfections, respectively. 
Table 5.5 Imperfection modes [12]. 
 
Sine-type 
a = 0, b=1, c=0.5 
 
G1-mode 
a = 0, b=2, c=0.5 
 
G2-mode 
a = 0, b=3, c=0.5 
 
G3-mode 
a = 0, b=5, c=0.5 
 
G4-mode 
a = 0, b=7, c=0.5 
 
L1-mode 
a = 15, b=2, c=0.5 
 
L2-mode 
a = 15, b=3, c=0.5 
 
L3-mode 
a = 15, b=5, c=0.5 
 
L4-mode 
a = 15, b=7, c=0.5 
 
It is assumed that the beam is initially stress free at a reference temperature T0 then subjected to the 
combined action of a uniform temperature rise ΔT = T-T0, a constant actuator voltage VZ and an in-
plane force NX0 along the X-axis. In view of Eq. (5.58) and using Hamilton’s principle, the nonlinear 
governing equations of the thermo-electro-mechanically loaded piezoelectric CNTRC beam which 
include the initial geometric imperfection can be expressed in terms of displacement components as 
 11 , , , , , , , 1XX X XX XX X X XXA U W W W W W W I U     , (5.60) 
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 (5.61) 
 11 , 55 , 3XX XD A W I     , (5.62) 
where a comma and an overdot denote the partial derivative with respect to the coordinate X and time 
t, respectively. It should be noted that for a uniform temperature change and a constant actuator 
voltage, the derivatives of thermo-electrically induced forces with respective to X as well as the 
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thermo-electrically induced moments vanish, hence are omitted in the governing equations. The 
thermally and electrically induced forces N
T 
X  and N
E 
X  are determined by 
/2 /2 /2
T p h p






N Q T Z Q T Z Q T Z  

 
        , (5.63) 
/2 /2
E p p






N Q d E Z Q d E Z


   . (5.64) 
The stiffness components and inertia related terms are defined as 
       
/2 /2 /2
p 2 h 2 p 2
11 11 11 11 11
/2 /2 /2
, 1, d 1, d 1, d
h h H
H h h
A D Q Z Z Q Z Z Q Z Z

 
     , (5.65) 
 /2 /2 /2p h p55 55 55 55/2 /2 /2d d d
h h H
H h h
A Q Z Q Z Q Z

 
     , (5.66) 
       
/2 /2 /2
2 2 2
1 3 p p
/2 /2 /2
, 1, d 1, d 1, d
h h H
H h h
I I Z Z Z Z Z Z  

 
     . (5.67) 








55, with superscripts “h” and “p” referring 
to the CNTRC host and piezoelectric layer respectively, are given by 
   h p 211 11 11 12 21 p p, (1 ), (1 )Q Q E E     ,    h p55 55 13 p p, , 2(1 )Q Q G E   , (5.68) 
where Ep, ρp, νp, αp and d31 are the Young’s modulus, mass density, Poisson’s ratio, thermal expansion 
coefficient and piezoelectric strain constant of the piezoelectric layer, respectively. EZ = VZ/hp is the 
electric field due to the applied actuator voltage. 
Neglecting inertia related terms in Eqs. (5.60)-(5.62) leads to the following equations governing the 
static postbuckling of piezoelectric CNTRC beams under thermo-electro-mechanical loading 
 11 , , , , , , , 0XX X XX XX X X XXA U W W W W W W     , (5.69) 
     
2 T E1
55 , , 11 , 11 , 11 , , 0 , ,2
0,XX X X X X X X X X XX XXA W A U A W A W W N N N W W
            
 (5.70) 
 11 , 55 , 0XX XD A W    , (5.71) 
Let (U0, W0, ψ0) denote the static postbuckling solutions of Eqs. (5.69)-(5.71). By substituting for (U, 
W, ψ) in Eqs. (5.60)-(5.62) with (U+U0, W+W0, ψ+ψ0), we obtain the governing equations of motion 
for the thermo-electro-mechanically postbuckled piezoelectric CNTRC beam as 
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 11 , , , , , , , , 0, , 0, 1XX X XX XX X X XX XX X X XXA U W W W W W W W W W W I U       , (5.72) 
   
  
   
2 T E1
55 , , 11 0, 11 0, 11 0, , 0 ,2
11 , , , , , , , , 0, , 0, , 0, ,
2
1
11 , , , 0, , , , 0, , 12
,
XX X X X X X X X X XX
XX X XX XX X X XX XX X X XX X X X
X X X X X X XX XX XX
A W A U A W A W W N N N W
A U W W W W W W W W W W W W W




         
       
         
 (5.73) 
 11 , 55 , 3XX XD A W I     . (5.74) 
In this study, the beam is either hinged or clamped at each end, with the associated boundary 
conditions as follows: 
Hinged (H): U = 0, W = 0, 11 , 0XD   ; (5.75) 
Clamped (C): U = 0, W = 0, ψ = 0. (5.76) 
By introducing the following dimensionless parameters: 
       
       
   
0 0 0 0 0 0
2 2
11 55 11 11 55 11 110 a c 1 3 10
T E T E
0 110 110 00 00 110
, , , , , , , , , , , , ,
, , , , , , , , ,
, , , , , , ,X X X
x X L u w u w w U W U W W r
r L a a d A A D r A I I I I r I
P P P N N N A t A I L L I A
   

  




in which A110 and I10 are the values of A11 and I1 of the equivalent homogeneous beam made from the 
pure matrix material, the static governing equations (5.69)-(5.71) can be rewritten in the 
dimensionless form as  
 11 , 11 , , , , , , 0xx x xx xx x x xxa u a w w w w w w      , (5.78) 
     
22 2 T E1 1
55 , , 11 , 11 , 11 , , , ,2
0,xx x x x x x xx xxa w a u a w a w w P P P w w   
            
 (5.79) 
 55 111 , , 0axx xd w     . (5.80) 
The governing equations of motion (5.72)-(5.74) can be nondimensionalized as 
 11 , 11 , , , , , , , 0, , 0, axx x xx xx x x xx xx x x xxa u a w w w w w w w w w w I u        , (5.81) 
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   
  
   
22 2 T E1 1
55 , , 11 0, 11 0, 11 0, , ,2
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    
     




         
       
         
,
 (5.82) 
 111 , 55 , cxx xd a w I     . (5.83) 
The boundary conditions in Eqs. (5.75) and (5.76) can be handled in the same way as 
Hinged (H): u = 0, w = 0, 11 , 0xd   ; (5.84) 
Clamped (C): u = 0, w = 0, φ = 0. (5.85) 
 Solution procedure 
The differential quadrature (DQ) method is employed to convert the partial differential governing 
equations into a set of algebraic equations that is then solved through an iterative procedure. 
According to DQ rule, the unknown displacement components u, w,  and their kth partial 
differentiation with respect to x are approximated by  
    
1
, , , ,
N
m m m m
m
u w l x u w 

 , and      
1




im m m mk
mx x







 , (5.86) 
where lm(x) is the Lagrange interpolation polynomials; {um, wm, m} are the values of {u, w, } at x 
= xm; C
(k) 
im  is the weight coefficient of the k
th partial differentiation of unknown displacements with 
respect to x and can be determined by a recurrence scheme [30]; N is the total number of grid points 
that are distributed along the x direction in a cosine pattern as 
    1 cos 1 1 2ix i N      ,   i = 1, 2, …, N. (5.87) 
Applying the relationships (5.86) to the static governing equations (28)-(30) yields 
             2 1 2 2 1 1 2
11 11
1 1 1 1 1 1 1
0
im im im im im im im
N N N N N N N
m m m m m m m
m m m m m m m
a C u a C w C w C w C w C w C w  
      
 
    
 
       , (5.88) 
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d C C w 
  
 
   
 
  . (5.90) 
Similarly, the governing equations of motion (5.81)-(5.83) of postbuckled hybrid beams can be 
discretized as  
             
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      
   
 (5.91) 
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The boundary conditions (5.84) and (5.85) can also be rewritten as 
Hinged (H):  













 ,      at x = x1, (5.94) 











 ,      at x = xN; (5.95) 
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Clamped (C): 
u1 = 0, w1 = 0, φ1 = 0,      at x = x1, (5.96) 
uN = 0, uN = 0, φN = 0,      at x = xN. (5.97) 
In view of Eqs. (5.63) and (5.64) and keeping Eq. (5.77) in mind, incorporation of boundary 
conditions from Eqs. (5.94)-(5.97) into Eqs. (5.88)-(5.90) gives the matrix system of nonlinear 
algebraic equations that describes the thermo-electro-mechanical postbuckling of piezoelectric 
CNTRC beams as 
 L T E M NL1 NL2ZT V P     K K K K K K d R , (5.98) 
where d represents the unknown displacement vector that is composed of ui, wi, φi; the right-hand 
side vector R is caused by the thermo-electro-mechanical load and geometric imperfections and will 
automatically vanish for perfect beams (i.e. w* = 0); KL is the stiffness matrix, KT, KE and KM are 
the geometric stiffness matrices that are associated with the temperature change, actuator voltage and 
in-plane force, respectively. The elements in KNL1 and KNL2 are linearly and quadratically dependent 
on unknown displacements. 
Likewise, letting d = d*eiωτ and removing the nonlinear terms in Eqs. (5.91)-(5.93), we arrive at the 
matrix system of linear algebraic equations governing the free vibration of thermo-electro-
mechanically postbuckled piezoelectric CNTRC beam as 
  2L T E 0 MZT V P P 
       K K K K M d 0 . (5.99) 




0 11 0, 11 0, 11 0, ,2x x x x
P a u a w a w w      . (5.100) 
Note that the elements of KL in Eq. (5.99) are associated with the postbuckling deflection w0 and 
therefore are not identical to those of KL in Eq. (5.98). In order to solve the free vibration problem of 
postbuckled piezoelectric CNTRC beams, the static postbuckling configuration is first determined by 
solving Eq. (5.98) using the modified Newton-Raphson technique as detailed in Wu et al. [28], after 
which the natural frequencies of piezoelectric CNTRC beams in the postbuckled state can be obtained 
by solving Eq. (5.99) through a standard eigenvalue algorithm. 
5.2.4. Results and discussion 
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In present analysis, the CNTRC host is made from a mixture of PMMA matrix and (10, 10) single-
walled carbon nanotube (SWCNT) reinforcements. Their material properties are temperature-
dependent and given as follows [20]: 
    6 1 3m m m m3.52 0.0034 GPa, 45 1 0.0005 10 K , 1150 kg m , 0.34E T T  




cn 6 2 9 3
11
cn 6 2 9 3
22




6.18387 0.00286 4.22867 10 2.2724 10 TPa,
7.75348 0.00358 5.30057 10 2.84868 10 TPa,
1.80126 7.7845 10 1.1279 10 4.93484 10 TPa,
1.12148 0.02289 2.881
E T T T
E T T T
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55 10 1.13253 10 10 K ,
1400 kg m , 0.175.
T T
 
   

   
 
 (5.102) 
The CNT efficiency parameters ηi used in Eqs. (5.52)-(5.54) are determined by matching the Young’s 
moduli and shear modulus of CNTRCs calculated from the rule of mixture to those obtained from the 
molecular dynamics simulation [31]. As reported by Shen and Zhang [32], η1 = 0.137, η2 = 1.022, η3 
= 0.715 for V
 * 
cn = 0.12, η1 = 0.142, η2 = 1.626, η3 = 1.138 for V
 * 
cn = 0.17, and η1 = 0.141, η2 = 1.585, η3 
= 1.109 for V
 * 
cn = 0.28. The piezoelectric layers are assumed to be temperature-independent with Ep = 
63.0 GPa, αp = 0.9×10-6 K-1, d31 = 2.54×10-10 m V-1, ρp = 7600 kg m-3 and νp = 0.3. 
 Convergence and comparison studies 
Convergence and comparison studies are first conducted to validate the present formulations and 
solution method. The dimensionless postbuckling deflections at varying number of grid points N are 
calculated and compared in Table 5.6 for imperfect piezoelectric FGX-CNTRC beams under a given 
thermo-electro-mechanical load. wc is the dimensionless deflection at the beam centre. The minimum 
number of grid points required to obtain convergent results increases with the number of half-waves 
in the imperfection. This is because the imperfection containing more half-wave numbers has a more 
complex geometry which requires more grid points to represent. For simplicity, N = 39 is used in all 
the subsequent studies. 
Comparison study is performed by considering the free vibration of a thermally postbuckled isotropic 
homogeneous beam with different boundary conditions. The fundamental frequency versus 
temperature rise curves are depicted and compared in Figure 5.12 with those given by Li et al. [13] 
using the shooting method. Our results are in good agreement with those reported in the literature. 
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Table 5.6 Convergence of dimensionless postbuckling deflection wc for H-H piezoelectric FGX-CNTRC 
beams with different geometric imperfections (V
* 
cn = 0.17, L/H = 60, hp/h = 1/10, ∆T = 130 K, Vz = -200 V, 
P/Pcr = 0.2, A0 = 0.1). 
N 
Imperfection mode 
Sine G1 G2 G3 G4 L1 L2 L3 L4 
9 2.280 2.247 2.362 2.943 2.818 2.385 2.403 2.433 2.414 
15 2.280 2.247 2.344 2.337 2.497 2.346 2.363 2.435 2.573 
21 2.280 2.247 2.344 2.335 2.333 2.329 2.337 2.367 2.450 
27 2.280 2.247 2.344 2.335 2.332 2.322 2.326 2.337 2.359 
33 2.280 2.247 2.344 2.335 2.332 2.321 2.325 2.332 2.338 
39 2.280 2.247 2.344 2.335 2.332 2.321 2.324 2.330 2.334 
45 2.280 2.247 2.344 2.335 2.332 2.321 2.324 2.330 2.334 
51 2.280 2.247 2.344 2.335 2.332 2.321 2.324 2.330 2.334 
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Isotropic, L/r = 100
1
 
Figure 5.12. Comparison of fundamental frequency for a thermally postbuckled isotropic homogeneous 
beam. 
 Thermal postbuckling 
This section studies the thermal postbuckling of piezoelectric FG-CNTRC beams that are initially 
stressed by a constant actuator voltage and an in-plane force. Unless otherwise mentioned, the thermal 
postbuckling results, in the form of the temperature rise ∆T (K) plotted against the dimensionless 
central deflection wc, are presented in Figures 5.13-5.19 for H-H FGX-CNTRC hybrid beams with 
L/H = 60, hp/h = 1/10, V
* 
cn = 0.17, A0 = 0.1, VZ = -200 V and P = 0.2Pcr, where Pcr is the compressive 
critical buckling load of the perfect hybrid beam at ∆T = 0 K.  
Figures 5.13 and 5.14 investigate the effects of CNT distribution pattern and volume fraction on the 
thermal postbuckling behaviour of piezoelectric FG-CNTRC beams that contain a sine type 
imperfection. The distribution pattern FGX with more CNT reinforcements dispersed near the 
surfaces of the CNTRC host is capable of carrying a higher temperature in the postbuckling stage 
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than the patterns UD and FGO. The thermal postbuckling curve becomes lower as the CNT volume 
fraction increases, which is opposite of the observation for the beam without piezoelectric layers and 
in-plane force [33]. This is because the beam with more CNTs possesses a greater buckling load Pcr 
and therefore is subjected to a higher in-plane force (P = 0.2Pcr) that significantly weakens the beam 
stiffness. It is worthy to note that bifurcation buckling does not occur due to the presence of the initial 
deflection in imperfect beams. Moreover, the thermal postbuckling load-deflection curve of an 
imperfect beam is lower than that of its perfect counterpart at a certain range of deflection but gets 
higher when the deflection is sufficiently large. 











Vz = -200 V, P/Pcr 
















Figure 5.13. Effect of CNT distribution pattern on the thermal postbuckling of piezoelectric FG-CNTRC 
beams. 

















Vz = -200V, P/Pcr 



















Figure 5.14. Effect of CNT volume fraction on the thermal postbuckling of piezoelectric FGX-CNTRC 
beams. 
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The influence of half-wave number on the thermal postbuckling behaviour of FGX-CNTRC hybrid 
beams is examined in Figures 5.15(a) and (b) where the global and localized imperfections are 
considered, respectively. The half-wave number b is 2, 3, 5, 7 for G1 (L1) - G4 (L4) in order. The 
results show that the thermal postbuckling response is less affected by the imperfection with more 
half-waves. To be specific, the postbuckling curves of globally imperfect beams are almost 
overlapped and extremely close to that of the perfect counterpart when the half-wave number is more 
than 2, while the curves of locally imperfect beams gradually approach that of the perfect counterpart 
as the half-wave number increases. 




















































Figure 5.15. Effect of imperfection half-wave number on the thermal postbuckling of piezoelectric FGX-
CNTRC beams: (a) global imperfections; (b) localized imperfections. 
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Figure 5.16 compares the thermal postbuckling paths of FGX-CNTRC hybrid beams with either a 
G1-mode or an L1-mode imperfection whose centre is located at x = 0.1, 0.2, 0.3, 0.4, 0.5 (i.e. c = 
0.1, 0.2, 0.3, 0.4, 0.5). Among those, c = 0.5 means the imperfection geometry is symmetric about 
the beam centre x = 0.5. The difference between the thermal postbuckling curves of perfect and 
imperfect beams is more significant as the imperfection centre move towards the beam centre. In 
addition, negative deflections are observed when the imperfection centre is close to the beam end. 
The thermal postbuckling curves of G1-mode shaped beams with c = 0.1 and 0.2 are symmetrical to 
those with c = 0.4 and 0.3, respectively. This is due to the fact that the geometries of G1-mode 
imperfections at c = 0.1 and 0.2 are antisymmetric with those at c = 0.4 and 0.3. 
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Figure 5.16. Effect of imperfection location on the thermal postbuckling of piezoelectric FGX-CNTRC 
beams: (a) G1-mode; (b) L1-mode. 
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The effects of imperfection amplitude are examined in Figures 5.17 (a), (b) and (c) where the sine 
type, G1-mode and L1-mode imperfections are considered, respectively. The FGX-CNTRC hybrid 
beam with a higher imperfection amplitude tends to carry a lower temperature rise within a certain 
range of deflection, beyond which the imperfection amplitude has the opposite effect. By comparing 
the curves in the figures, the thermal postbuckling is most affected by G1-mode imperfection, 
followed by the sine type and L1-mode imperfections. 
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Figure 5.17. Effect of imperfection amplitude on the thermal postbuckling of piezoelectric FGX-CNTRC 
beams: (a) sine type; (b) G1-mode; (c) L1-mode. 
Figures 5.18 and 5.19 evaluate the influences of the applied voltage and in-plane force on the thermal 
postbuckling of FGX-CNTRC hybrid beams, respectively. A positive/negative value of P/Pcr 
represents a compressive/tensile force exerted on the beam. Both the negative voltage and tensile 
force increase the beam stiffness thus lead to a higher thermal postbuckling resistance, while the 
positive voltage and compressive force have inverse effects. It should be noted in Figure 5.19 that the 
postbuckling curves of P/Pcr = -0.2 and 0.0 do not start from ∆T = 0 K due to the negative initial 
deflection caused by the electro-mechanical load in these two cases. 
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Figure 5.18. Effect of actuator voltage on the thermal postbuckling of piezoelectric FGX-CNTRC beams. 
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Figure 5.19. Effect of in-plane force on the thermal postbuckling of piezoelectric FGX-CNTRC beams. 
 Free vibration 
We next turn our attention to the free vibration analysis of thermo-electro-mechanically postbuckled 
piezoelectric FG-CNTRC beams. Numerical results, in terms of the dimensionless fundamental 
frequency ω against the temperature rise ∆T (K), are given in Figures 5.20-2.27 for both perfect and 
imperfect FG-CNTRC hybrid beams with various parameters, where the intersection at ω = 0 
represents the critical buckling temperature rise ∆Tcr of perfect hybrid beams. 
The results in Figures 5.20-5.27 show that the fundamental frequencies are first reduced with the 
temperature rise due to the decrease in beam stiffness. As the temperature further increases, the 
growing thermal postbuckling deflection improves the nonlinear stiffness and the fundamental 
frequencies are then raised. The frequencies of perfect beams become zero when ∆T = ∆Tcr at which 
the curves are continuous but not smooth. This is because the configurations of perfect beams in the 
prebuckled and postbuckled states are totally different. However, the curves of imperfect beams are 
smooth and their fundamental frequencies are higher than those of perfect counterparts in the whole 
range of ∆T. This tends to be much more prominent as the temperature approaches the critical 
buckling temperature. 
Figures 5.20 and 5.21 present the variation of fundamental frequency with the temperature rise for 
piezoelectric FG-CNTRC beams with different CNT distribution patterns and volume fractions, 
respectively. The FGX-CNTRC hybrid beam has the highest fundamental frequency in the 
prebuckling temperature range, followed by the UD- and FGO-CNTRC ones. This is inversed in the 
postbuckling temperature range. The results also show that the fundamental frequency of imperfect 
beams increases in the whole temperature range as the CNT volume fraction increases, while the 
opposite effect is observed for perfect beams when ∆T is slightly less than ∆Tcr. 
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Figure 5.20. Effect of CNT distribution pattern on the fundamental frequency of thermo-electro-
mechanically postbuckled piezoelectric FG-CNTRC beams. 
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Figure 5.21. Effect of CNT volume fraction on the fundamental frequency of thermo-electro-mechanically 
postbuckled piezoelectric FGX-CNTRC beams. 
Figure 5.22 shows the effect of half-wave number on the fundamental frequency of FGX-CNTRC 
hybrid beams with either global or local imperfections. The results of the perfect beam are also given 
for a direct comparison. The half-wave number exhibits a similar effect on the fundamental frequency 
as on the thermal postbuckling. The fundamental frequency is considerably affected by the global 
imperfection when the half-wave number b = 2, beyond which the global imperfection has almost no 
impact on the fundamental frequency. In contrast, the curve of a locally imperfect beam is 
continuously closer to that of the perfect counterpart as the half-wave number increases. 
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Figure 5.22. Effect of imperfection half-wave number on the fundamental frequency of thermo-electro-
mechanically postbuckled piezoelectric FGX-CNTRC beams: (a) global imperfections; (b) localized 
imperfections. 
The influence of imperfection location on the fundamental frequency of FGX-CNTRC hybrid beams 
is examined in Figures 5.23(a) and (b) where the G1-mode and L1-mode imperfections are considered, 
respectively. The fundamental frequency is the highest when the imperfection is symmetrical about 
the beam centre. The curves of imperfect beams containing a G1-mode imperfection with c = 0.1 and 
0.2 coincide with those of c = 0.4 and 0.3, respectively. This is attributed to the antisymmetry of their 
postbuckling configurations. However, the curve of the L1-mode featured beam becomes closer to 
that of the perfect beam when the imperfection centre moves towards the beam end. 
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Figure 5.23. Effect of imperfection location on the fundamental frequency of thermo-electro-mechanically 
postbuckled piezoelectric FGX-CNTRC beams: (a) G1-mode; (b) L1-mode. 
The fundamental frequency versus temperature rise curves are compared in Figure 5.24 for FGX-
CNTRC hybrid beams with different imperfection amplitudes. Three different imperfections, i.e. sine 
type, G1-mode and L1-mode, are considered in this example. The results indicate that the 
fundamental frequency increases as the imperfection amplitude grows. This effect is most pronounced 
for the G1-mode imperfection, followed by the sine type and L1-mode imperfections. 
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Figure 5.24. Effect of imperfection amplitude on the fundamental frequency of thermo-electro-mechanically 
postbuckled piezoelectric FGX-CNTRC beams: (a) sine type; (b) G1-mode; (c) L1-mode. 
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Figures 5.25 and 5.26 demonstrate the effects of applied voltage and in-plane force on the 
fundamental frequency of FGX-CNTRC hybrid beams, respectively. The fundamental frequency 
increases in the prebuckling temperature range but decreases in the postbuckling temperature range 
when the beam is subjected to either a negative voltage or a tensile in-plane force. The reason is 
illustrated in Figures 5.18 and 5.19, which show that the beam under a negative voltage/tensile force 
has a smaller postbuckling deflection and therefore possesses a lower nonlinear stiffness in the 
postbuckling temperature range. 
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Figure 5.25. Effect of applied voltage on the fundamental frequency of thermo-electro-mechanically 
postbuckled piezoelectric FGX-CNTRC beams. 
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Figure 5.26. Effect of in-plane force on the fundamental frequency of thermo-electro-mechanically 
postbuckled piezoelectric FGX-CNTRC beams. 
Figure 5.27 depicts the variation of fundamental frequency with the temperature rise for FGX-
CNTRC hybrid beams with different boundary conditions. The fundamental frequency of the H-H 
beam is smaller in the prebuckling temperature range due to the lower supporting rigidity but is 
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greater in the postbuckling temperature range because of the higher nonlinear stiffness, followed by 
the C-H and C-C beams. The relatively lager difference between the curves of perfect and imperfect 
beams indicates that the fundamental frequency of the C-C beam is more sensitive to the imperfection. 
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Figure 5.27. Effect of boundary condition on the fundamental frequency of thermo-electro-mechanically 
postbuckled piezoelectric FGX-CNTRC beams. 
5.2.5. Conclusions 
The free vibration of thermo-electro-mechanically postbuckled piezoelectric FG-CNTRC hybrid 
beams with geometric imperfections is studied in this paper within the framework of FSDT. The DQ 
method in conjunction with Newton-Raphson technique is used to obtain the fundamental frequencies 
of FG-CNTRC hybrid beams in the postbuckled states. Thermo-electro-mechanical postbuckling of 
such a beam is also analysed as a subset problem. Comprehensive numerical results are presented in 
graphical form to illustrate the influences of CNT distribution pattern and volume fraction, geometric 
imperfection parameters, thermo-electro-mechanical load and boundary condition on the 
postbuckling and free vibration behaviours of the beam. Our results show that the fundamental 
frequencies of geometrically imperfect FG-CNTRC hybrid beams are higher than those of perfect 
counterparts and this effect is much more pronounced around the critical buckling temperature. The 
imperfection with fewer half-waves but a larger amplitude leads to a higher fundamental frequency 
that is most increased when the imperfection is symmetrical about the beam centre. In addition, the 
fundamental frequency is raised/reduced in the prebuckling/postbuckling temperature range when the 
beam is subjected to either a negative voltage or a tensile force, while the positive voltage and 
compressive force have inverse effects. The results also indicate that the CNT distribution pattern and 
volume fraction have significant impacts on the free vibration of postbuckled piezoelectric FG-
CNTRC beams. 
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6. MECHANICAL ANALYSIS OF FG-GPLRC BEAMS AND PLATES 
Previous studies on graphene nanocomposites were primarily focused on the fabrication and material 
property characterization. Moreover, graphene reinforcements were assumed to be uniformly or 
randomly dispersed in the matrix which makes poor use of a small amount of graphene nanofillers. 
As a novel class of advanced composite materials, there is an obvious lack of in-depth understanding 
of the mechanical behaviours of graphene nanocomposite strcutures. 
To address these issues, an FG-GPLRC multilayer structure that is composed of perfectly bonded 
GPLRC layers is proposed in this thesis. The multilayer structure with a layer-wise variation in GPL 
concentration is used since the ideal functionally graded nanocomposite structure with a continuous 
and smooth change in GPL content in the thickness direction is extremely difficult to fabricate due to 
the limitation of current manufacturing technology. Obviously, such a multilayer structure with an 
adequate number of layers is an excellent approximation of the ideal functionally grade structure. The 
mechanical anlaysis of FG-GPLRC multilayer beams and plates with different GPL distribution 
patterns and concentrations are subsequently studied in this chapter, with the following order: 
(1) Section 6.1 presents the buckling and postbuckling analysis of FG-GPLRC multilayer beams 
resting on an elastic foundation; 
(2) Section 6.2 investigates the dynamic instability of FG-GPLRC multilayer beams in thermal 
environment; 
(3) Section 6.3 exmiane the thermal buckling and postbuckling of FG-GPLRC multilayer plates 
under thermo-mechanical loading; 
(4) Section 6.4 studies the parametric instability of thermo-mechanical loaded FG-GPLRC 
multilayer plates; 
Four journal papers are incorporated as Section 6.1-6.4 accordingly. 
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6.1. Buckling and Postbuckling of Functionally Graded Multilayer Graphene Platelet-
Reinforced Composite Beams 
Jie Yang 1,*, Helong Wu 2, Sritawat Kitipornchai 2 
1 School of Engineering, RMIT University, PO Box 71, Bundoora, VIC 3083 Australia 
2 School of Civil Engineering, the University of Queensland, Brisbane, St Lucia 4072, Australia 
This paper has been published in the Composite Structures. 
6.1.1. Abstract 
This paper investigates the buckling and postbuckling behaviours of functionally graded multilayer 
nanocomposite beams reinforced with a low content of graphene platelets (GPLs) resting on an elastic 
foundation. It is assumed that GPLs are randomly oriented and uniformly dispersed in each individual 
GPL-reinforced composite (GPLRC) layer with its weight fraction varying layerwise along the 
thickness direction. The effective material properties of each layer are estimated by the Halpin-Tsai 
micromechanics model. The nonlinear governing equations of the beam on an elastic foundation are 
derived within the framework of the first-order shear deformation beam theory then are converted 
into a nonlinear algebraic system by using the differential quadrature method. A detailed parametric 
study is carried out to examine the effects of the distribution pattern, weight fraction, geometry and 
size of GPL nanofillers, foundation stiffness parameters, slenderness ratio and boundary conditions 
on the buckling and postbuckling behaviours. The results show that GPLs have a remarkable 
reinforcing effect on the buckling and postbuckling of nanocomposite beams. 
Keywords: buckling; postbuckling; functionally graded nanocomposite beam; graphene platelet; 
differential quadrature method 
6.1.2. Introduction 
The material properties of polymer composites are largely dependent, in addition to the filler 
properties, on the interface area and intensity of intermolecular interaction between the filler and 
matrix. Graphene [1], a two-dimensional single layer of carbon atoms, has attracted considerable 
attention due to its exceptional mechanical, thermal and electrical properties [2-4]. It has an intrinsic 
tensile strength of 130 GPa and Young’s modulus of about 1 TPa [2] that are comparable to carbon 
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  E-mail address: j.yang@rmit.edu.au (J. Yang) 
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nanotubes (CNTs), and a specific surface area of up to 2630 m2 g-1 which is much larger than that of 
CNTs [5]. These merits, together with nanoscale effects and interface chemistry, make graphene a 
novel and promising alternative to conventional fillers, such as carbon and glass fibres, in polymer 
composites [6]. As a consequence, nanocomposites reinforced with graphene and its derivatives have 
recently become an emerging area of extensive research efforts in advanced composite materials [7, 
8].  
Numerous studies have demonstrated the significant reinforcing effects of graphene and its 
derivatives on the mechanical properties of polymer composites. Among those, Rafiee et al. [9] 
measured and compared the mechanical properties of epoxy nanocomposites reinforced with 0.1± 
0.002 wt% graphene platelets (GPLs), single-walled carbon nanotubes (SWCNTs), and multi-walled 
carbon nanotubes (MWCNTs), respectively. Their results indicated that the Young’s modulus, 
ultimate tensile strength and fracture toughness of the nanocomposites are significantly greater than 
those of the pristine epoxy and GPL nanofillers significantly out-perform carbon nanotubes. Ji et al. 
[6] investigated the stiffening effect of graphene sheets on polymer nanocomposites using the Mori-
Tanaka micromechanics method. They found that a low loading of graphene sheets can considerably 
increase the effective stiffness of the original matrix. Zhao et al. [10] reported that a 150% 
improvement of tensile strength and a nearly 10 times increase of Young’s modulus are achieved for 
the graphene/PVA composite at a graphene content of 1.8 vol%. Bortz et al. [11] experimentally 
examined the fatigue life and fracture toughness of graphene oxide/epoxy composites. They observed 
an enhancement of 28~111% in model I fracture toughness and of up to 1580% in uniaxial tensile 
fatigue life by adding small amounts (≤ 1 wt%) of graphene oxide in an epoxy system. Yang et al. 
[12] demonstrated that MWCNT/multi-graphene platelet (MGP) hybrid nanofillers exhibit higher 
solubility and better compatibility than individual MWCNTs and MGPs and consequently further 
improve the mechanical properties and thermal conductivity of epoxy composites. King et al. [13] 
measured the modulus of graphene nanoplatelet (GNP)/epoxy composites by using nanoindentation. 
They results showed that the tensile modulus increased from 2.72 GPa for the neat epoxy to 3.36 GPa 
by the addition of 6 wt% GNP, which agrees well with the prediction by the Halpin-Tsai model. Liu 
et al. [14] studied the mechanical properties of alumina ceramic composites reinforced with GPLs 
and suggested that the flexural strength of composites are considerably higher than that of monolithic 
ceramic samples. Wu and Drzal [15] discovered that the coefficient of thermal expansion of the 
polyetherimide composite can be reduced by the addition of GNPs. From the material manufacturing 
perspective, only a low percentage of nanofillers can be added to the polymer composites as an 
addition of high content of nanofillers are prone to agglomerate, which causes a poor dispersion of 
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nanofillers in the matrix and consequently deteriorates the mechanical properties of nanocomposites 
[6, 16-18]. 
Functionally graded materials (FGMs) are characterized by continuous and smooth variations in both 
composition and material properties in one or more direction(s). The material properties of FGMs 
can be tailored in accordance with the mechanical needs at different regions in various working 
conditions. In order to effectively make use of a low percentage of CNTs, Shen [19] applied the 
concept of FGM to polymer nanocomposites and found that the resulting mechanical properties can 
be further improved through a nonuniform distribution of CNTs in the polymer. Subsequently, the 
mechanical responses of functionally graded CNT-reinforced composite (FG-CNTRC) structures 
have been extensively studied [20-22]. Compared to CNTs, graphene and its derivatives have a wide 
range of attractive advantages, such as a larger surface area, abundance in nature, and less expensive 
when synthesized in large scale [23]. In addition, graphene nanocomposites exhibit significantly 
higher modulus and strength than nanocomposites reinforced with the same amount of CNTs [9]. 
Owing to the mechanical advantages of high stiffness, high strength but low mass density, graphene 
nanocomposites show great potentials as lightweight and buckling-resistant structural elements in 
aeronautical and space industries [24]. Great effort has been directed towards the mechanical 
properties and fabrication of graphene nanocomposites. Nonetheless, research work on the 
mechanical responses of structures made of such nanocomposites is scarce. 
A functionally graded GPL-reinforced composite (GPLRC) structure is ideal in combining the 
advantages of both FGMs and GPLs. The fabrication of such functionally graded structures with a 
continuous and smooth variation of GPLs across the thickness, however, is extremely difficult due to 
the constraint of manufacture technology. A functionally graded GPL reinforced multilayer 
nanocomposite structure in which each individual layer is made from a mixture of uniformly 
distributed GPL reinforcements and polymer matrix with GPL concentration incrementally varying 
layer by layer is much easier to fabricate. It is evident that such a multilayer structure is an excellent 
approximation to the ideal functionally graded structure with a continuous and smooth variation of 
GPLs across the thickness direction when the total number of layers is sufficiently large.  
The buckling and postbuckling of functionally graded multilayer GPLRC beams resting on an elastic 
foundation are investigated in this paper. The Halpin-Tsai model is used to estimate the effective 
material properties of each individual GPLRC layer. The governing equations are derived based on 
the first-order shear deformation beam theory and von Kármán type nonlinearity. Numerical results 
are presented for multilayer GPLRC beams with different GPL distribution patterns to explore which 
distribution provides the best reinforcing effect on the buckling and postbuckling performance of 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
174 
nanocomposite beams. The effects of weight fraction, geometry and size of GPLs, foundation 
stiffness, slenderness ratio and boundary conditions are also discussed in detail. 
6.1.3. Functionally graded multilayer GPLRC beam model 
The beam under current consideration is composed of perfectly bonded GPLRC layers of the same 
thickness that are made from a mixture of an isotropic polymer matrix and GPLs. It is assumed that 
the GPLs are uniformly dispersed and randomly oriented in each layer but its weight fraction varies 
from layer to layer. Hence, each individual GPLRC layer is isotropic homogeneous.  
 
Figure 6.1. Different GPL distribution patterns in a multilayer GPLRC beam. 
Shown in Figure1 are the four distribution patterns of GPL nanofillers across the beam thickness. The 
darker colour represents more GPL contents in the layer. In the case of X-GPLRC, the surface layers 
are GPL rich while this is inversed in O-GPLRC where the middle layers are GPL rich. For the A-
GPLRC, the GPL content gradually increases from the top layer to the bottom layer. As a special 
case, the GPL content is the same in each layer in a U-GPLRC beam. It is obvious that A-GPLRC is 
asymmetric while the other three distributions are symmetrical about the mid-plane (z = 0). 
Functionally graded multilayer GPLRC beams with an even number of layers are considered in this 
paper. The volume fractions  of the kth layer for the four distribution patterns shown in Figure 
6.1 are governed by 
U-GPLRC: *GPL GPL( )V k V , (6.1) 
X-GPLRC: 
*
GPL GPL L L( ) 2 2 1V k V k N N   , (6.2) 
O-GPLRC:  *GPL GPL L L( ) 2 1 2 1V k V k N N    , (6.3) 
A-GPLRC:  *GPL GPL L( ) 2 1V k V k N  , (6.4) 
GPLV
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where k = 1, 2, …, NL and NL is the total number of layers of the beam. The total volume fraction of 
GPLs, *











in which GPLW  is GPL weight fraction; GPL  and m  are the mass densities of GPLs and the polymer 
matrix, respectively. 
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where LE  and TE  are the longitudinal and transverse moduli for a unidirectional lamina and can be 
calculated by the Halpin-Tsai model [27]: 
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in which fV  is filler volume fraction. Combining Eqs. (6.6) and (6.7), the effective elastic modulus 
of the GPLRC can be obtained as follows 
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In the above equations, GPLE  and mE  are Young’s moduli of the GPL and the matrix, respectively. 
The filler geometry factors L  and T  for GPLs are given by [27] 
   L GPL GPL T GPL GPL2 , 2a t b t   , (6.10) 
in which GPLa , GPLb  and GPLt  are the length, width, and thickness of GPLs, respectively. Note that L
can be rewritten as 
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, (6.11) 
where GPL GPLa b and GPL GPLb t  denote GPL aspect ratio and width-to-thickness ratio, respectively. 
According to the rule of mixture, Poisson’s ratio is expressed as [28] 
m m GPL GPLV V    , (6.12) 
in which GPL  and m  are Poisson’s ratios of the GPL and matrix, respectively. 
6.1.4. Nonlinear governing equations 
Consider a multilayer GPLRC beam of length L and total thickness h that consists of NL layers of 
equal thickness t resting on a two-parameter elastic foundation, as shown in Figure 6.2. Kw and Ks are 
the Winkler stiffness and shearing layer stiffness of the foundation, respectively.  
 
Figure 6.2. A functionally graded GPLRC beam resting on an elastic foundation. 
Let U  and W  be the displacements of the beam along the x and z-axes, ψ be the mid-plane rotation 
of transverse normal about the y-axis. According to the first-order shear deformation beam theory, 
the displacement field of the beam takes the form of 
 ,  ( ) ( )U x z U x z x  ,  ,  ( )W x z W x , (6.13) 
where U and W are the displacement components in the mid-plane (z = 0) of the beam. The von 
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The governing equations can be derived using the principle of virtual displacements: 
 p 0V    , (6.15) 
   L GPL GPL GPL GPL2 a b b t  
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where the total virtual energy V that is comprised of the strain energy of the beam and the elastic 
potential energy of the foundation, and the virtual work p  done by an applied compressive force P
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In view of Eq. (6.14), substituting for V and  from Eqs. (6.16) and (6.17) into the virtual work 
statement in Eq. (6.15) and integrating through the thickness of the beam, we obtain 
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, (6.19) 
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in which  = 5/6 is the shear correction factor. The kth GPLRC layer is located between the points z 
= kz  and z = 1kz   in the thickness direction. The stiffness components are defined as 
p
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The governing equations are obtained by setting the coefficients of , , and  in Eq. (6.19) 
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In the present analysis, the beam is either clamped or hinged at each end. The associated out-of-plane 
boundary conditions are  
Clamped (C): U = 0, W = 0, ψ = 0. (6.28) 
Hinged (H): U = 0, W = 0, xM = 0. (6.29) 
Substituting Eqs. (6.20)-(6.22) into Eqs. (6.25)-(6.29), the governing equations and associated 
boundary conditions can be rewritten in terms of displacements: 
2 2 2




x x x x
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, 6.(30) 
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, (6.31) 
2 2 2
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0
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x x x x x
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     
     
     
; (6.32) 
Clamped (C): U = 0, W = 0, ψ = 0, (6.33) 
U W 
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6.1.5. Solution procedure 
By introducing the following dimensionless quantities: 
2
110 w w 110
2
s s 110 11 55 11 11 11 55 11 11 110
, , ( , ) ( , ) , , , ,
, ( , , , ) ( , , , ) ,
x L h L u w U W h P P A k K L A
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   

     
 
 (6.35) 
where 110A  is the value of 11A  of a homogeneous beam made from the pure matrix material, the 
governing equations (30)-(32) can be transformed into the dimensionless form as 
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. (6.38) 
The associated boundary conditions can be handled in the same way: 
Clamped (C): u = 0, w = 0, φ = 0; (6.39) 
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. (6.40) 
According to the differential quadrature (DQ) rule [29-31], the displacement components u, w, φ and 
their jth partial derivatives with respect to  are approximated as the linear weighting sums of mu , mw , 
and m  by 
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C is the weighting coefficient of the jth derivative and can be calculated using 
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recursive formula [32, 33]. N is the total number of gird points distributed along the -axis according 
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, i = 1, 2, …, N. (6.42) 
By applying relationship (6.41) to the dimensionless governing equations (6.36)-(6.38), one obtains 
the discretized governing equations: 
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The associated boundary conditions (6.39) and (6.40) can also be discretized in the same way: 
 = 0,  = 0,  = 0, (6.46) 
Nu  = 0, Nw  = 0, N  = 0, (6.47) 
for clamped ends at  = 0 and 1, respectively, and 
1 0u  , 1 0w  , 
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for hinged ends at  = 0, 1. 
Substitution of the associated boundary conditions (6.46)-(6.49) into the discretized governing 
equations (6.43)-(6.45) leads to a nonlinear algebraic system that governs the buckling and 
postbuckling behaviours of the beam resting on an elastic foundation as 
1u 1w 1
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 L1 L2 NL1 NL2P   K K K K d 0 , (6.50) 
where d denotes the unknown displacement vector that is composed of mu , mw , m  (m = 1, 2, …, 
N); L1K  and L2K  are constant coefficient matrices, while NL1K  and NL2K  are nonlinear matrices, 
the elements of which are linear and quadratic functions of d, respectively.  
By dropping the nonlinear matrices, Eq. (6.50) reduces to a standard eigenvalue problem from which 
the critical buckling load of the functionally graded multilayer GPLRC beam can be obtained as the 
lowest positive eigenvalue. After buckling, the postbuckling equilibrium path of the beam can be 
determined by solving the nonlinear governing equation (6.50) with the iterative scheme detailed by 
Liew et al. [34]. 
6.1.6. Results and discussion 
Convergence studies are first conducted, and the results with varying numbers of grid points and 
layers are compared in Table 6.1 where the dimensionless critical buckling load Pcr and the 
dimensionless postbuckling load PNL at a given dimensionless midspan deflection wm = 1.0 are 
provided. It is seen that convergent results are obtained when the total numbers of grid points and 
individual layers are increased to N = 13 and NL = 22, respectively, implying that a multilayer GPLRC 
beam with 22 or more layers is an excellent approximation for an ideal functionally graded beam 
structure with a continuous and smooth variation in both material composition and properties. 
Considering the ease of fabrication and the manufacturing cost, NL = 10, as well as N = 13, are used 
in all the following numerical examples. 
Table 6.1 Buckling and postbuckling results with varying total numbers of grid points and layers for a C-C 
functionally graded multilayer X-GPLRC beam (L/h = 10, WGPL = 0.3%). 
N (NL = 10) Pcr PNL (wm = 1.0)  NL (N = 13) Pcr PNL (wm = 1.0) 
7 0.0709 0.0762  4 0.0682 0.1175 
9 0.0709 0.1128  6 0.0700 0.1192 
11 0.0709 0.1199  10 0.0709 0.1201 
13 0.0709 0.1201  16 0.0712 0.1204 
15 0.0709 0.1201  22 0.0713 0.1205 
17 0.0709 0.1201  28 0.0713 0.1205 
 
In order to validate the present formulation and solution procedure, the dimensionless critical 
buckling loads of carbon nanotube-reinforced composite (CNTRC) beams with and without an elastic 
foundation are calculated and compared in Table 6.2 with those from the literature. The material 
properties used in this example can be found in [35, 36]. As can be observed, our results are in good 
agreement with the existing ones. In addition, the compressive postbuckling equilibrium paths of six-
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layer unidirectional laminated beams with a length of 250 mm, width of 10 mm, and thickness of 1 
mm are given in Figure 6.3 together with those by Emam and Nayfeh [37] for direct comparison. The 
material properties used herein are: E11 = 155 GPa, E22 = 12.1 GPa, G12 = 4.4 GPa, and ν12 = 0.248. 
Again, excellent agreement is achieved. 
Table 6.2 Comparison of dimensionless critical buckling loads for H-H CNTRC beams with and without an 
elastic foundation (V
 * 
cn = 0.12, L/h = 15). 
Source 
(kw, ks) = (0, 0)  (kw, ks) = (0.1, 0.02) 
UD O X  UD O X 
Present 0.0983 0.0586 0.1284  0.1285 0.0888 0.1585 
Ref. [35] 0.0986 0.0588 0.1288  0.1287 0.0889 0.1590 
Ref. [36] 0.0984 0.0576 0.1289  0.1286 0.0878 0.1590 
 

























L/h = 250, h = 1 mm
 
Figure 6.3. Postbuckling paths for laminated beams with different boundary conditions. 
In what follows, the functionally graded multilayer GPLRC beams with a total thickness h = 0.01 m 
and a total number of layers NL = 10 are considered. Each GPLRC layer is made from a mixture of 
epoxy and GPLs with a length of GPLa = 2.5 μm, width of GPLb = 1.5 μm, and thickness of GPLt = 1.5 
nm. The material properties of epoxy matrix are Em = 3.0 GPa, m = 1200 kg m
-3, and m = 0.34 while 
those of GPLs are EGPL = 1.01 TPa, GPL = 0.186, and GPL = 1062.5 kg m
-3, as reported in [9, 38]. 
Table 6.3 compares the dimensionless critical buckling loads of nanocomposite beams reinforced 
with different nanofillers (GPLs, SWCNTs, and MWCNTs) with the same value of content Wfiller = 
0.3%. The results of the homogeneous pure epoxy beam are also given to evaluate the reinforcing 
effects of GPLs, SWCNTs, and MWCNTs. The material properties and geometry parameters of the 
SWCNT and MWCNT can be found in [9]. Note that for CNTs, the filler geometry factors 
L CNT CNTl d   and T = 2, where CNTl  and CNTd  are the CNT length and diameter, respectively. The 
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critical buckling load is the highest for the beam with GPL reinforcements. For example, 
incorporation of 0.3% weight fraction of GPLs uniformly dispersed (pattern U) increases the critical 
buckling load of the beam by 99.3% from 0.0294 to 0.0586, followed by the SWCNTs with a 43.2% 
increase and MWCNTs with a 10.2% increase. This clearly indicates that GPLs offer much better 
reinforcement than SWCNTs and MWCNTs. This can be attributed to GPL’s much higher specific 
surface area and two-dimensional geometry that significantly strengthen the interface between the 
GPLs and epoxy for effective stress transfer [6, 39]. Among the four distribution patterns in Figure1, 
pattern X yields the highest buckling load, followed by patterns U, A, and O, which indicates that 
distribution pattern X is capable of making the most effective use of the reinforcing nanofillers. 
Table 6.3 Dimensionless critical buckling loads of functionally graded multilayer composite beams reinforced 
with different nanofillers (C-C, L/h = 10, Wfiller = 0.3%). 
Filler Pattern U Pattern X Pattern O Pattern A 
Pure epoxy 0.0294 0.0294 0.0294 0.0294 
GPL 0.0586 0.0709 0.0458 0.0543 
SWCNT 0.0421 0.0475 0.0366 0.0410 
MWCNT 0.0324 0.0337 0.0311 0.0323 
 
Table 6.4 Dimensionless critical buckling loads of functionally graded multilayer GPLRC beams with different 
GPL weight fractions and distribution patterns (C-C , L/h = 10). 
(kw, ks) WGPL U-GPLRC X-GPLRC O-GPLRC A-GPLRC 
(0.00, 0.00) 0.1% 0.0391 0.0433 0.0349 0.0384 
 0.3% 0.0586 0.0709 0.0458 0.0543 
 0.5% 0.0781 0.0984 0.0565 0.0691 
(0.10, 0.00) 0.1% 0.0466 0.0507 0.0424 0.0459 
 0.3% 0.0661 0.0784 0.0533 0.0619 
 0.5% 0.0857 0.1059 0.0641 0.0767 
(0.10, 0.02) 0.1% 0.0666 0.0707 0.0624 0.0659 
 0.3% 0.0861 0.0984 0.0733 0.0819 
 0.5% 0.1057 0.1259 0.0841 0.0967 
 
Table 6.5 Dimensionless critical buckling loads of functionally graded multilayer X-GPLRC beams with 
different slenderness ratios and boundary conditions (WGPL = 0.3%). 
L/h 
(kw, ks) = (0.00, 0.00)  (kw, ks) = (0.10, 0.02) 
C-C C-H H-H  C-C C-H H-H 
10 0.0709 0.0384 0.0196  0.0984 0.0666 0.0497 
20 0.0196 0.0102 0.0050  0.0470 0.0381 0.0352 
30 0.0089 0.0046 0.0023  0.0361 0.0319 0.0314 
40 0.0050 0.0026 0.0013  0.0319 0.0287 0.0276 
The effect of GPL distribution pattern is further investigated in Table 6.4 where the dimensionless 
critical buckling loads are presented for functionally graded multilayer GPLRC beams with different 
GPL concentrations. It is observed that the buckling load increases as GPL content increases. This 
effect, however, tends to be less pronounced as the foundation stiffness increases.  
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Table 6.5 tabulates the critical buckling loads for X-GPLRC beams with different slenderness ratios 
and boundary conditions. The results show that the buckling load drops significantly with an increase 
in slenderness ratio. This effect becomes less pronounced for the H-H beam resting on an elastic 
foundation. As expected, the C-C beam has a higher resistance to buckling than the C-H and H-H 
beams. 
Figure 6.4 displays the important effects of GPL geometry and size, in terms of aspect ratio GPL GPLa b  
and width-to-thickness ratio GPL GPLb t , on the critical buckling load. In the case of GPL width GPLb  
being constant, a higher value of GPL GPLa b  implies a larger GPL surface area and a higher magnitude 
of GPL GPLb t  means that the GPL contains fewer monolayer graphene sheets. It is seen that the critical 
buckling load is increased as both GPL GPLa b  and GPL GPLb t  increase, which indicates that GPLs with 
a larger surface area and fewer monolayer graphene sheets can provide the better reinforcing effect. 
Nonetheless, the effects of GPL GPLa b  and GPL GPLb t  becomes much less significant and the critical 
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Figure 6.4. Effects of GPL geometry and size on the critical buckling load of functionally graded multilayer 
X-GPLRC beams. 
We next turn our attention to the postbuckling analysis of functionally graded multilayer GPLRC 
beams. Unless otherwise stated, numerical results, in terms of the dimensionless postbuckling load 
PNL against the dimensionless midspan deflection wm, are given in Figures 5-9 for C-C functionally 
graded multilayer X-GPLRC beams with L/h = 10, WGPL = 0.3% and (kw, ks) = (0.00, 0.00). 
Figure 6.5 compares the postbuckling equilibrium paths for nanocomposite beams reinforced with 
GPLs, SWCNTs, and MWCNTs. As observed in buckling analysis, GPL shows the most significant 
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reinforcing effect on the postbuckling behaviour of the beam, leading to the highest postbuckling 
load-carrying capacity, followed by SWCNTs and MWCNT. This is because, as mentioned before, 
GPLs are two-dimensional materials while CNTs are one-dimensional. The lamellar-shaped GPLs 
can be more perfectly bonded to the epoxy and effectively transfer the stress at the GPL/epoxy 
interface [39]. 
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Figure 6.5. Postbuckling paths for beams reinforced with different nanofillers. 
Figures 6.6 and 6.7 display the postbuckling responses of functionally graded multilayer GPLRC 
beams with different GPL distribution patterns and weight fractions, respectively. The results show 
that the X-GPLRC beam is capable of carrying higher loads in the postbuckling region than the beams 
with other GPL distribution patterns. This is because the X-GPLRC beam with more GPLs distributed 
closely to surface layers has the highest beam stiffness. Compared with the pure epoxy beam, all 
GPLRC beams exhibit considerably higher postbuckling load-carrying capacity that increases as GPL 
content grows.  
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Figure 6.6. Effect of GPL distribution pattern on postbuckling paths of functionally graded multilayer 
GPLRC beams. 





























Figure 6.7. Effect of GPL weight fraction on postbuckling paths of functionally graded multilayer X-GPLRC 
beams. 
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Figure 6.8. Effects of GPL geometry and size on postbuckling paths of functionally graded multilayer X-
GPLRC beams: (a) aspect ratio; (b) width-to-thickness ratio. 
Figure 6.9 depicts the effect of foundation stiffness on the postbuckling behaviour of functionally 
graded multilayer X-GPLRC beams resting on an elastic foundation. As has been shown in Table 6.4, 
(kw, ks) = (0.10, 0.02) represents the Pasternak elastic foundation; (kw, ks) = (0.10, 0.00) indicates the 
Winkler elastic foundation and (kw, ks) = (0.00, 0.00) is for the beam without an elastic foundation. 
The postbuckling curve tends to be higher as the foundation stiffness increases, with the effect of 
shearing layer stiffness ks being more noticeable than that of the Winkler foundation stiffness kw.  
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Figure 6.9. Effect of foundation stiffness on postbuckling paths of functionally graded multilayer X-GPLRC 
beams. 
6.1.7. Conclusions 
The buckling and postbuckling of functionally graded multilayer GPLRC beams resting on an elastic 
foundation have been investigated on the basis of the first-order shear deformation theory. 
Dimensionless critical buckling loads and postbuckling equilibrium paths are given for multilayer 
GPLRC beams with different GPL distribution patterns. Numerical results show that addition of a 
small amount of GPL nanofillers can significantly improve the buckling and postbuckling resistance 
of polymer composite beams. GPLs with a large surface area and containing fewer single graphene 
layers can provide better reinforcing effects, but when GPL aspect ratio and width-to-thickness ratio 
are larger than 4 and 103, respectively, both critical buckling load and postbuckling path remain 
almost unchanged regardless of a further increase in both ratios. Moreover, the beam with more GPLs 
distributed closely to the surface layers has a higher critical buckling load and postbuckling load-
carrying capacity that are increased as the GPL content increases. Results also show that the 
foundation stiffness increases the critical buckling load and postbuckling load-deflection curve of 
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functionally graded multilayer GPLRC beams. The effects of slenderness ratio and boundary 
conditions are also discussed and demonstrated through illustrative numerical examples. 
References 
[1] Novoselov KS, Geim AK, Morozov SV, Jiang D, Zhang Y, Dubonos SV, Grigorieva IV, Firsov 
AA. Electric field effect in atomically thin carbon films. Science 2004;306(5696):666-669. 
[2] Lee C, Wei X, Kysar JW, Hone J. Measurement of the elastic properties and intrinsic strength 
of monolayer graphene. Science 2008;321(5887):385-388. 
[3] Balandin AA, Ghosh S, Bao W, Calizo I, Teweldebrhan D, Miao F, Lau CN. Superior thermal 
conductivity of single-layer graphene. Nano Lett 2008;8(3):902-907. 
[4] Du X, Skachko I, Barker A, Andrei EY. Approaching ballistic transport in suspended graphene. 
Nat Nanotechnol 2008;3(8):491-495. 
[5] Bonaccorso F, Colombo L, Yu G, Stoller M, Tozzini V, Ferrari AC, Ruoff RS, Pellegrini V. 
Graphene, related two-dimensional crystals, and hybrid systems for energy conversion and 
storage. Science 2015;347(6217):1246501. 
[6] Ji X-Y, Cao Y-P, Feng X-Q. Micromechanics prediction of the effective elastic moduli of 
graphene sheet-reinforced polymer nanocomposites. Model Simul Mater Sc 2010;18(4):045005. 
[7] Young RJ, Kinloch IA, Gong L, Novoselov KS. The mechanics of graphene nanocomposites: 
A review. Compos Sci Technol 2012;72(12):1459-1476. 
[8] Kim H, Abdala AA, Macosko CW. Graphene/polymer nanocomposites. Macromolecules 
2010;43(16):6515-6530. 
[9] Rafiee MA, Rafiee J, Wang Z, Song H, Yu Z-Z, Koratkar N. Enhanced mechanical properties 
of nanocomposites at low graphene content. ACS Nano 2009;3(12):3884-3890. 
[10] Zhao X, Zhang Q, Chen D, Lu P. Enhanced mechanical properties of graphene-based poly 
(vinyl alcohol) composites. Macromolecules 2010;43(5):2357-2363. 
[11] Bortz DR, Heras EG, Martin-Gullon I. Impressive fatigue life and fracture toughness 
improvements in graphene oxide/epoxy composites. Macromolecules 2011;45(1):238-245. 
[12] Yang S-Y, Lin W-N, Huang Y-L, Tien H-W, Wang J-Y, Ma C-CM, Li S-M, Wang Y-S. 
Synergetic effects of graphene platelets and carbon nanotubes on the mechanical and thermal 
properties of epoxy composites. Carbon 2011;49(3):793-803. 
[13] King JA, Klimek DR, Miskioglu I, Odegard GM. Mechanical properties of graphene 
nanoplatelet/epoxy composites. J Appl Polym Sci 2013;128(6):4217-4223. 
[14] Liu J, Yan H, Jiang K. Mechanical properties of graphene platelet-reinforced alumina ceramic 
composites. Ceram Int 2013;39(6):6215-6221. 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
189 
[15] Wu H, Drzal LT. Effect of graphene nanoplatelets on coefficient of thermal expansion of 
polyetherimide composite. Mater Chem Phys 2014;146(1):26-36. 
[16] Meguid S, Sun Y. On the tensile and shear strength of nano-reinforced composite interfaces. 
Mater Design 2004;25(4):289-296. 
[17] Tang L-C, Wan Y-J, Yan D, Pei Y-B, Zhao L, Li Y-B, Wu L-B, Jiang J-X, Lai G-Q. The effect 
of graphene dispersion on the mechanical properties of graphene/epoxy composites. Carbon 
2013;60:16-27. 
[18] Stankovich S, Dikin DA, Piner RD, Kohlhaas KA, Kleinhammes A, Jia Y, Wu Y, Nguyen ST, 
Ruoff RS. Synthesis of graphene-based nanosheets via chemical reduction of exfoliated 
graphite oxide. Carbon 2007;45(7):1558-1565. 
[19] Shen H-S. Nonlinear bending of functionally graded carbon nanotube-reinforced composite 
plates in thermal environments. Compos Struct 2009;91(1):9-19. 
[20] Liew KM, Lei ZX, Zhang LW. Mechanical analysis of functionally graded carbon nanotube 
reinforced composites: A review. Compos Struct 2015;120(0):90-97. 
[21] Wu HL, Yang J, Kitipornchai S. Nonlinear vibration of functionally graded carbon nanotube-
reinforced composite beams with geometric imperfections. Compos Part B-Eng 2016;90:86-96. 
[22] Wu HL, Yang J, Kitipornchai S. Imperfection sensitivity of postbuckling behaviour of 
functionally graded carbon nanotube-reinforced composite beams. Thin Wall Struct 
2016;108:225-233. 
[23] Tiwari A, Syväjärvi M. Graphene materials: fundamentals and emerging applications: John 
Wiley & Sons, 2015. 
[24] Rafiee M, Rafiee J, Yu Z-Z, Koratkar N. Buckling resistant graphene nanocomposites. Appl 
Phys Lett 2009;95(22):223103. 
[25] Derek H. An Introduction to Composite Materials: Cambridge University Press, 1981. 
[26] Harris B. Engineering Composite Materials. London: Institute of metals, 1986. 
[27] Halpin J, Kardos J. The Halpin-Tsai equations: a review. Polym Eng Sci 1976;16(5):344-352. 
[28] Hejazi SM, Abtahi SM, Safaie F. Investigation of thermal stress distribution in fiber-reinforced 
roller compacted concrete pavements. J Ind Text 2016;45(5):896-914. 
[29] Shu C. Differential Quadrature and Its Application in Engineering. London: Springer, 2000. 
[30] Wu HL, Kitipornchai S, Yang J. Thermo-electro-mechanical postbuckling of piezoelectric FG-
CNTRC beams with geometric imperfections. Smart Mater Struct 2016;25(9):095022. 
[31] Wu HL, Kitipornchai S, Yang J. Free vibration and buckling analysis of sandwich beams with 
functionally graded carbon nanotube-reinforced composite face sheets. Int J Struct Stab Dy 
2015;15(7):1540011. 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
190 
[32] Bert CW, Wang X, Striz AG. Differential quadrature for static and free vibration analyses of 
anisotropic plates. Int J Solids Struct 1993;30(13):1737-1744. 
[33] Yang J, Kitipornchai S, Liew K. Non-linear analysis of the thermo-electro-mechanical 
behaviour of shear deformable FGM plates with piezoelectric actuators. Int J Numer Method 
Eng 2004;59(12):1605-1632. 
[34] Liew KM, Yang J, Kitipornchai S. Postbuckling of piezoelectric FGM plates subject to thermo-
electro-mechanical loading. Int J Solids Struct 2003;40(15):3869-3892. 
[35] Yas M, Samadi N. Free vibrations and buckling analysis of carbon nanotube-reinforced 
composite Timoshenko beams on elastic foundation. Int J Pressure Vessels Pip 2012;98:119-
128. 
[36] Wattanasakulpong N, Ungbhakorn V. Analytical solutions for bending, buckling and vibration 
responses of carbon nanotube-reinforced composite beams resting on elastic foundation. Comp 
Mater Sci 2013;71:201-208. 
[37] Emam SA, Nayfeh AH. Postbuckling and free vibrations of composite beams. Compos Struct 
2009;88(4):636-642. 
[38] Liu F, Ming P, Li J. Ab initio calculation of ideal strength and phonon instability of graphene 
under tension. Phys Rev B 2007;76(6):064120. 
[39] Fu S-Y, Feng X-Q, Lauke B, Mai Y-W. Effects of particle size, particle/matrix interface 
adhesion and particle loading on mechanical properties of particulate–polymer composites. 
Compos Part B-Eng 2008;39(6):933-961. 
 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
191 
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6.2.1. Abstract 
This paper studies the dynamic instability of functionally graded multilayer nanocomposite beams 
reinforced with a low content of graphene nanoplatelets (GPLs) and subjected to a combined action 
of a periodic axial force and a temperature change. The weight fraction of GPL nanofillers is assumed 
to be constant in each individual GPL-reinforced composite (GPLRC) layer but follows a layerwise 
variation across the beam thickness. The Halpin-Tsai micromechanics model is used to estimate the 
effective Young’s modulus of GPLRC layers. The differential quadrature method is employed to 
convert the partial differential governing equations into a linear system of Mathieu-Hill equations, 
from which the principle unstable region of functionally graded multilayer GPLRC beams is 
determined by Bolotin’s method. Special attention is given to the effects of GPL distribution pattern, 
weight fraction, geometry and dimension on the dynamic instability behaviour. The thermal buckling 
and free vibration are also discussed as subset problems. Numerical results show that distributing 
more GPLs near the top and bottom surfaces can effectively increase the natural frequency and reduce 
the size of the unstable region. The influences of GPL geometry and dimension tend to be 
insignificant when the GPL width-to-thickness ratio is larger than 103. 
Keywords: graphene nanoplatelets; functionally graded nanocomposites; dynamic instability; thermal 
buckling; free vibration. 
6.2.2. Introduction 
Polymer nanocomposites in which nanofillers such as carbon nanotubes (CNTs), graphene and its 
derivatives are dispersed in a polymer matrix have been attracting considerable attention from both 
research and engineering communities [1]. Compared with the conventional polymer composites, 
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polymer nanocomposites exhibit significantly higher stiffness and strength due to the superiorly high 
moduli of nanofillers, together with the nanoscale effects and interface chemistry [2-4].  
Since the first observations in the early 1990s [5, 6], CNTs are considered promising reinforcement 
materials for high performance structural composites due to their exceptionally mechanical, thermal 
and electrical properties [7-9]. In order to make better use of a low content of CNTs, Shen [10] applied 
the functionally graded concept to polymer nanocomposites and found that the mechanical properties 
can be further improved through a nonuniform distribution of CNTs in the polymer matrix. 
Subsequently, the mechanical responses of functionally graded CNT-reinforced composite (FG-
CNTRC) structures have been extensively investigated [11-14]. Among those, Ke et al. [15] 
examined the dynamic stability behaviour of FG-CNTRC beams under a periodic axial force. Yang 
et al. [16] studied the dynamic buckling of thermo-electro-mechanically loaded FG-CNTRC beams 
integrated with piezoelectric layers. Lei et al. [17] presented a dynamic stability analysis of FG-
CNTRC cylindrical panels. These studies [15-17] revealed that the distribution pattern and volume 
fraction of CNTs have important influences on the dynamic stability behaviour of polymer 
nanocomposite structures. Although significant advances have been made in CNTs filled 
nanocomposites, agglomeration and relatively high production cost have hindered the further 
applications of CNTs as reinforcement materials in polymer nanocomposites [18]. 
Graphene [19] is a two-dimensional monolayer of carbon atoms with  remarkable physical properties 
and chemical functionalisation capabilities [20-22]. Compared to CNTs, graphene has comparable 
tensile strength (130 GPa) and Young’s modulus (~1 TPa) [20] but a much larger surface area of up 
to 2630 m2 g-1 [23]. More importantly, graphene and its derivatives are abundant in nature and less 
expensive when synthesized in large scale [24]. These merits make graphene and its derivatives 
excellent alternatives to CNTs while improving the mechanical properties of polymeric materials. 
The superiority of graphene as a promising reinforcement material was further verified by recent 
studies [25] that demonstrated that the graphene nanocomposites exhibit significantly higher Young’s 
modulus and tensile strength than the nanocomposites reinforced with the same amount of CNTs.  
Rafiee et al. [25] measured and compared the mechanical properties of epoxy nanocomposites 
reinforced with 0.1wt% of graphene nanoplatelets (GPLs) and CNTs, respectively. They found that 
the Young’s modulus, tensile strength and fracture toughness of graphene nanocomposites are 
significantly higher than those of pristine epoxy and that GPLs dramatically outperform CNTs in 
terms of mechanical properties enhancement. Wang et al. [26] experimentally investigated the 
thermal properties of graphene nanocomposites. Their test results indicated that incorporation of 
graphene oxide sheets reduces the thermal expansion coefficients and considerably increases the 
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thermal conductivity of the polymer matrix. By using Mori-Tanaka micromechanics method, Ji et al. 
[4] examined the stiffening effect of graphene sheets dispersed in polymer nanocomposites. Their 
results showed that the addition of a very low content of graphene sheets can remarkably increase the 
effective stiffness of the nanocomposite. Zhao et al. [27] reported that a loading of 1.8vol% graphene 
results in a 150% improvement in tensile strength and a nearly 10 times increase in Young’s modulus 
of poly (vinyl alcohol) nanocomposites. Liu et al. [28] successfully fabricated GPL-reinforced 
alumina ceramic composites using Spark Plasma Sintering and observed that the resulting flexural 
strength and fracture toughness are significantly higher than those of monolithic ceramic samples. 
Rahman and Haque [29] studied the effects of GPL concentration, aspect ratio and dispersion on 
elastic constants and stress-strain responses of graphene/epoxy nanocomposites using molecular 
mechanics and molecular dynamics simulations. Liu et al. [30] used a stacking and folding method 
to generate aligned graphene/polycarbonate composites that considerably enhances effective elastic 
modulus and strength of the primitive polycarbonate even at an exceptionally low loading of graphene. 
Owing to the mechanical advantages of high strength and stiffness but low density, graphene 
nanocomposites show tremendous potentials for development of advanced lightweight engineering 
structures in the forms of beam, plate, as well as shell structural elements that are vital in aeronautical 
and space industries. However, all the aforementioned studies on graphene nanocomposites were 
focused on the synthesis and material property characterization only. Investigations on the mechanical 
behaviour of engineering structures made of such advanced nanocomposites are very limited. Most 
recently, Rafiee et al. [31] experimentally studied the buckling of graphene/epoxy nanocomposite 
beam structures. Significant increase (up to 52%) in critical buckling load was observed by adding 
only 0.1 wt% of GPLs into the epoxy matrix. Song et al. [32] carried out the free and forced vibration 
analysis of functionally graded multilayer GPL/polymer nanocomposite plates and suggested that the 
incorporation of a small amount of GPLs can significantly increase the natural frequencies and reduce 
the dynamic deflection of plates under pulse loading. As far as the authors are aware, no previous 
work has been done on the dynamic instability of graphene nanocomposite structures. 
Hence, this paper is devoted to the investigation of the dynamic instability of functionally graded 
multilayer graphene nanoplatelet-reinforced composite (GPLRC) beams under a periodic axial force 
and a temperature change. A multilayer beam model with a layer-wise variation in GPL concentration 
is used since an ideal functionally graded nanocomposite structure with a continuous and smooth 
change in GPL content across the beam thickness is extremely difficult to fabricate due to the 
limitation of current manufacture technology. Obviously, such a multilayer structure with an adequate 
number of layers is an excellent approximation of the ideal functionally graded structure. It is 
assumed that each individual layer is made from a mixture of uniformly dispersed GPL nanofillers 
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and polymer matrix and its effective Young’s modulus is predicted by Halpin-Tsai micromechanics 
model. Governing equations are derived based on the first-order shear deformation beam theory 
(FSDT) and converted into a linear system of Mathieu-Hill equations by using differential quadrature 
method, after which the principle unstable region is obtained by using Bolotin’s method. Parametric 
studies are conducted to examine the effects of GPL distribution pattern, weight fraction, geometry 
and dimension, the static axial force, as well as the temperature change on the dynamic instability 
behaviour of functionally graded multilayer GPLRC beams. Thermal buckling and free vibration are 
also discussed as subset problems. 
6.2.3. Effective material properties of GPLRCs 
Figure 6.10(a) shows a multilayer beam composed of perfectly bonded GPLRC layers of same 
thickness . It is assumed that the GPLRC layer is made from a mixture of an isotropic polymer 
matrix and rectangular shaped GPLs that are randomly oriented and uniformly dispersed. Hence, each 
individual GPLRC layer is isotropic homogeneous and its effective Young’s modulus can be 
estimated by Halpin-Tsai micromechanics model [33-35] 
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where GPLE  and mE  are Young’s moduli of the GPL and matrix, respectively. GPLV  is the volume 
fraction of GPL nanofillers. Note that Eq. (6.51) does take into account GPL’s geometry and 
dimension through geometry factors L  and T  which are defined by [33] 
   L GPL GPL T GPL GPL2 , 2a t b t   , (6.53) 
where GPLa , GPLb  and GPLt  are the length, width and thickness of GPLs, respectively. Here, L  can be 
rewritten as 
   T GPL GPL GPL GPL2 a b b t   , (6.54) 
in which GPL GPLa b  and GPL GPLb t  are GPL aspect ratio and width-to-thickness ratio, respectively. 
Lh
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According to the rule of mixture, the effective linear thermal expansion coefficient α, mass density ρ, 
and Poisson’s ratio ν of the GPLRC are expressed as 
m m GPL GPLV V    , (6.55) 
m m GPL GPLV V    , (6.56) 
m m GPL GPLV V    , (6.57) 
where GPL  and m  are thermal expansion coefficients, with the subscript “GPL” and “m” referring 
to the GPLs and matrix, respectively. GPL  and m  are mass densities; GPL  and m  are Poisson’s 












Figure 6.10. Configuration and coordinate system of a multilayer GPLRC beam. 
Shown in Figure 6.10(b) are the uniform (U) and functionally graded (X, O and A) distributions of 
GPL nanofillers in the thickness direction of the beam in which the darker colour represents a higher 
content of GPLs within the layer. Since the GPL content remains constant across all layers in the 
uniform distribution, U-GPLRC corresponds to an isotropic homogeneous beam. In the functionally 
graded distributions, however, GPL weight fraction varies from layer to layer in such a way that both 
the top and bottom layers are GPL rich in an X-GPLRC beam while this is inversed in an O-GPLRC 
beam where the middle layers are GPL rich. The GPL content gradually increases from the top layer 
to the bottom layer in an A-GPLRC beam. 
Without the loss of generality, it is assumed that the multilayer GPLRC beam consists of an even 
number of layers. The GPL volume fraction of the kth layer for the four GPL distribution patterns 
depicted in Figure 6.10(b) are given as 
U-GPLRC: ( ) *GPL GPL
kV V , (6.58) 
X-GPLRC: 
( ) *
GPL GPL L L2 2 1
kV V k N N   , (6.59) 
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O-GPLRC:  ( ) *GPL GPL L L2 1 2 1kV V k N N    , (6.60) 
A-GPLRC:  ( ) *GPL GPL L2 1
kV V k N  , (6.61) 
in which NL is the total number of layers of the beam and k = 1, 2, …, NL. 
*
GPLV  is the total GPL 











where GPLW  is the total GPL weight fraction in the whole beam. As is evident from Eqs. (6.58)-(6.61), 
the total volume fractions of GPLs in the U-, X-, O- and A-GPLRC beams are the same. 
6.2.4. Theoretical formulations 
 Governing equations 
Consider a multilayer GPLRC beam of length L, total thickness h, and subjected to a combined action 
of an axial dynamic force Nx0 and a uniform temperature change ΔT =T−T0 from the initial stress-free 
state at the reference temperature T0. Based on the FSDT, the displacements of an arbitrary point 
parallel to the -x and -z axes are given as 
 , , ( , ) ( , )U x z t U x t z x t  ,  ,  , ( , )W x z t W x t , (6.63) 
where U and W are the longitudinal and transverse displacement components in the mid-plane (z = 







































in which the plane stress-reduced stiffness  and are  11Q 55Q
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where the virtual work p  done by external loads, virtual kinetic energy K , and the virtual strain 
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in which TxN  is the thermally induced axial force due to a uniform temperature rise. Substituting for 
p , K , and V  from Eqs. (6.68)-(6.70) into virtual work statement in Eq. (6.67) and integrating 
through the beam thickness, we obtain 
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in which  = 5/6 is the shear correction factor. The kth GPLRC layer is located between the points z 
= kz  and z = 1kz   in the thickness direction. The stiffness components and inertia related terms are 
defined as 
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The thermally induced force and moment are given by 
     1
/2
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In the above equations, ( )11
kQ , ( )55
kQ , 
( )k , and ( )k  are the values of 11Q , 55Q ,  , and   of the k
th 
GPLRC layer, respectively. 
Keeping Eqs. (6.72)-(6.74) in mind and setting the coefficients of U , W , and  in Eq. (6.71) to 
zero separately, the governing equations can be obtained in terms of displacements as 
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  





55 0 02 2 2x x
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
    
    
    
, (6.80) 
2 2 2 2
11 11 55 1 22 2 2 2
U W U
B D A I I
x x x t t
 
 
     
     
     
. (6.81) 
Note that for a uniform temperature variation the derivatives of thermal force TxN  and moment 
T
xM  
with respect to x are zero and consequently are omitted in the governing equations. In the present 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
199 
analysis, multilayer GPLRC beams either clamped or hinged at the ends (i.e. x = 0, L) are considered. 
The associated boundary conditions are: 
Clamped (C): U = 0, W = 0, ψ = 0, (6.82) 











By introducing the following dimensionless quantities: 
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where 110A  and 00I  are the values of 11A  and 0I  of a homogeneous beam made from the pure matrix 
material,  and θ are the dimensionless forms of the natural frequency Ω and excitation frequency Θ, 
the governing equations (6.79)-(6.81) and associated boundary conditions (6.82) and (6.83) can be 
rewritten in dimensionless form as 
2 2 2 2
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u u
a b I I
 
   
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  
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    
, (6.86) 
2 2 2 2
11 11 55 b c2 2 2 2
u w u
b d a I I
 
 
    
     
     
     
; (6.87) 
Clamped (C): u = 0, w = 0, φ = 0, (6.88) 











 Solution method 
The differential quadrature approach combined with Bolotin’s method is employed to study the 
dynamic instability characteristics of functionally graded multilayer GPLRC beams. The basic idea 
is to convert the partial differential governing equations into a set of linear algebraic equations 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
200 
through the differential quadrature approximation in the -axis, from which the principle unstable 
region is then determined by using Bolotin’s method. 
According to the differential quadrature rule [36-38], the unknown displacement components u, w, φ 
and their jth partial derivatives with respect to  are approximated by 
   
1
, , ( ) , ,
N
m m m m
m
u w l u w  

 , and      
1














 , (6.90) 




C is the weighting coefficient for the jth partial derivative of unknown displacement 
components with respect to  and its recursive formula can be found in [39, 40]. N is the total number 










   
, i = 1, 2, …, N. (6.91) 
Applying the relationship (40) to the dimensionless partial differential governing equations (35)-(37) 
yields 
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The dimensionless boundary conditions in Eqs. (6.88) and (6.89) can be handled in the same way as 
1 0u  , 1 0w  , 1 0  , (6.95) 
0Nu  , 0Nw  , 0N  , (6.96) 
for the beam with clamped ends at  = 0 and 1, respectively, and  
1 0u  , 1 0w  , 
















    , (6.97) 
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0Nu  , 0Nw  , 














    , (6.98) 
for the beam with hinged ends at  = 0, 1. 
In view of Eq. (6.78) and keeping Eq. (6.84) in mind, substitution of the associated boundary 
conditions into the governing equations (6.92)-(6.94) leads to a set of dimensionless linear algebraic 
equations that can be expressed in matrix form as 
 L T pT P   Md K K K d 0 , (6.99) 
in which the over dot denotes the partial derivative with respect to dimensionless time τ; M and LK  
are the mass matrix and stiffness matrix, respectively; TK  and PK are the geometric stiffness 
matrices. It is obvious that these matrices are directly dependent on material property gradient and 
beam geometry. The unknown displacement vector d is composed of iu , iw , i  as follows: 
      
T
T T T
, ,i i iu w d , i = 1, 2, …, N. (6.100) 
For the beam under a time-varying axial excitation, the dimensionless axial force P is expressed as 
s d cosP P P   , (6.101) 
where sP  and dP  are the static and dynamic force components, respectively. By substituting for P 
from Eq. (6.101), Eq. (6.99) can be rewritten as 
 L T s d pcosT P P       Md K K K d 0 . (6.102) 
Eq. (6.102) is a Mathieu-Hill type equation describing the dynamic instability behaviour of 
functionally graded multilayer GPLRC beams subjected to a periodic axial force and a temperature 
change. The Bolotin’s method [41] is used to determine the boundary of the unstable region. In this 
paper, we seek the solutions with a period 2T  ( 2T    ) only due to the fact that the region of 
instability situated near θ = 2, namely principal unstable region, is of the greatest practical 
importance. The periodic solution of Eq. (6.102) with a period 2T  takes the form of a trigonometric 
series as 









 d a b , (6.103) 
where  and  are arbitrary constant vectors. Bolotin [41] demonstrated that the first 
approximation with n = 1 can be used to calculate the boundary of the region of instability with a 
desired accuracy. In this case, substituting Eq. (6.103) into Eq. (6.102) and equating the coefficients 
of identical  sin 2  and  cos 2  leads to the following system of linear homogeneous algebraic 
equations in terms of  and : 
2
d
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K K K M b 0 , (6.105) 
from which two critical excitation frequencies θ at each given dynamic force dP  can be found as 
eigenvalues. The plot of θ against dP  gives two curves that show the principle unstable regions of 
functionally graded multilayer GPLRC beams. The intersection point at dP  = 0 is the origin of 
principle unstable region and corresponds to the doubled fundamental frequency of the beam. 
It is should be mentioned that Eq. (6.102) can also be used to analyse several subset problems, such 
as thermal buckling and free vibration of functionally graded multilayer GPLRC beams under thermo-
mechanical loading. By neglecting the inertia terms and setting sP  and dP  to zero, the critical 
buckling temperature rise can be obtained by solving the following eigenvalue equation: 
 L TT K K d 0 . (6.106) 
For the free vibration problem, the dynamic load component dP  = 0 and 
ie d d  is used to separate 
the spatial variable  and time τ. Then Eq. (6.102) is rewritten as 
2
L T s pT P 
     K K K M d 0 , (6.107) 
from which the natural frequencies of the beam under a static axial force and a temperature change 
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6.2.5. Numerical examples and discussion 
In this section, numerical results are presented to investigate the dynamic instability characteristics 
of functionally graded multilayer GPLRC beams that are subjected to a combined periodic axial force 
and a uniform temperature change. Thermal buckling and free vibration are also discussed as subset 
problems. 
In what follows, the functionally graded multilayer GPLRC beams with a total thickness h = 0.01 m 
are considered. Each GPLRC layer is made from a mixture of the epoxy and GPLs with a length of 
GPLa = 2.5 μm, width of GPLb = 1.5 μm and thickness of GPLt = 1.5 nm [25]. The material properties of 
both the epoxy and GPLs are assumed to be temperature-independent and are listed in Table 6.6. 
Table 6.6 Material properties of the epoxy and GPLs. 
Material properties Epoxy [42] GPL [25] 
Young’s modulus (GPa) 3.0 1010 
Density (kg m-3) 1200 1062.5 
Poisson’s ratio 0.34 0.186 [43] 
Thermal expansion coefficient (×10-6 /K) 60 5.0 [44] 
 
 Convergence and validation 
Convergence study is first undertaken by comparing numerical solutions with varying numbers of 
grid points and layers in Table 6.7 where Pcr and 1 denote the dimensionless critical buckling load 
and fundamental frequency, respectively, and ΔTcr is the critical buckling temperature rise. As 
observed, the present solutions converge very well when the total numbers of grid points and 
individual layers are increased to N = 11 and NL = 40, respectively. Nonetheless, the tiny difference 
between the results with NL = 10 and NL = +∞ suggests that a multilayer GPLRC beam with 10 layers 
is sufficiently accurate to model an idea functionally graded beam with continuous variation in both 
material composition and properties. Taking into account the ease of fabrication and the 
manufacturing cost, NL = 10, as well as N = 11, are used in all of the following numerical calculations. 
Table 6.7 Buckling and free vibration results with varying total numbers of grid points and layers for a C-C 
functionally graded multilayer X-GPLRC beam (L/h = 30, WGPL = 0.3%). 
N (NL = 10) Pcr ΔTcr (K) 1  NL (N = 11) Pcr ΔTcr (K) 1 
5 0.0108 90.335 0.3387  4 0.0085 71.448 0.3280 
7 0.0089 74.622 0.3349  6 0.0088 73.505 0.3327 
9 0.0089 74.561 0.3350  10 0.0089 74.557 0.3350 
11 0.0089 74.557 0.3350  20 0.0089 75.001 0.3360 
13 0.0089 74.557 0.3350  40 0.0090 75.112 0.3362 
15 0.0089 74.557 0.3350  +∞ 0.0090 75.149 0.3363 
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In order to validate the present analysis, direct comparisons between our results and those in the 
literature are made in Tables 6.8-6.10 and Figure 6.11. The dimensionless critical buckling 
temperature rises for cross-ply (0/90/0) laminated composite beams are calculated and compared in 
Table 6.8 with those by Khdeir [45]. The elastic constants used in this instance are 12G = 13G = 0.6
22E , 23G = 0.5 22E , 22 11  = 3, and 12 = 0.25. As can be seen, the present results are almost identical 
to the existing ones. 
Table 6.8 Comparison of dimensionless critical buckling temperature rises  
2
cr 1T T L h    for cross-ply 
(0/90/0) laminated composite beams (L/h = 10). 
E22/E11 
C-C  C-H  H-H 
Present Ref. [45]  Present Ref. [45]  Present Ref. [45] 
3 2.6558 2.6558  1.4691 1.4691  0.7625 0.7625 
10 2.4725 2.4725  1.5367 1.5367  0.8868 0.8868 
20 1.8858 1.8859  1.2896 1.2896  0.8281 0.8281 
 
Table 6.9 Comparison of dimensionless critical buckling loads for C-C FGM beams. 
E2/E1 
L/h = 6  L/h = 16 
Present Ref. [46]  Present Ref. [46] 
0.2 0.03111 0.03111  0.00542 0.00542 
1.0 0.06885 0.06884  0.01229 0.01227 
5.0 0.15554 0.15554  0.02709 0.02709 
 
Table 6.10 Comparison of the first three dimensionless natural frequencies for FGM beams (E2/E1 = 5.0, L/h 
= 16). 
Source 
C-C  H-H 
1 2 3  1 2 3 
Present 0.3693 0.9858 1.8573  0.1800 0.6510 1.4367 
Ref. [46] 0.3686 0.9783 1.8287  0.1797 0.6482 1.4176 
 





















Figure 6.11. Comparison of the principal unstable region for a clamped-sliding FGM beam. 
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The dimensionless critical buckling loads and natural frequencies of FGM beams are given in Tables 
6.9 and 6.10, respectively, together with those of Ke et al. [46]. In addition, the principal unstable 
region of a clamped-sliding FGM beam is given and compared in Figure 6.11 with that given by Yan 
et al. [47]. The material properties used in these examples follow an exponential law variation across 
the beam thickness with 1E = 70 GPa, 1 = 2780 kg m
-3, 1 = 0.33. Again, our results agree very well 
with those reported in the literature. 
 Thermal buckling  
The thermal buckling results of functionally graded multilayer GPLRC beams with various 
parameters are presented in Figures 3 and 5 and Table 6.11. 
Figure 6.12 investigates the effects of GPL distribution pattern and weight fraction on the critical 
buckling temperature rise of C-C functionally graded multilayer GPLRC beams with a slenderness 
ratio L/h = 30. The results show that the critical buckling temperature of the X-GPLRC beam 
increases with an increase in GPL weight fraction, while this is not the case for A- and O-GPLRC 
beams whose critical buckling temperatures decrease as the GPL weight fraction grows, with the 
former being less noticeable than the latter. This effect becomes much less pronounced when GPL 
weight fraction exceeds a certain value. In contrast, the critical buckling temperature remains nearly 
unchanged for the U-GPLRC beam as GPL content increases. This can be explained by the 
relationship between the critical buckling load Pcr and critical buckling temperature rise ΔTcr  
L L
1/2 ( ) ( ) ( ) ( )








k k k k
h z
k k





        
 
   , (6.108) 
where Lh  is the thickness of each GPLRC layer. The parameter η is dependent on the total GPL 
weight fraction only, implying that η has the same value for different GPL distribution patterns at the 
same GPL weight fraction. For the U-GPLRC beam, Eq. (58) is simplified as  
 U U Ucr cr 11 crP T Q h T     , (6.109) 








D Q z z Q h

  . (6.110) 
Combining Eqs. (6.109) and (6.110), the critical buckling load UcrP  of the U-GPLRC beam can be re-
expressed as 
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   U U U 2 Ucr cr 11 cr 11 cr12P T Q h T D h T        . (6.111) 
According to the FSDT, the critical buckling load increases almost linearly with the increase of 
bending stiffness [48], where the “almost” is used here due to the shear deformation effect. Reminding 
Eq. (6.111), it is clear that the critical buckling load is proportional to the bending stiffness, indicating 
that the ratio of UcrP  to η, i.e. the critical buckling temperature rise 
U
crT , is a constant for the U-
GPLRC beam, regardless of the change of GPL weight fraction. In addition, based on the authors’ 
recent work [49], the variation of critical buckling load with the GPL weight fraction is obtained and 
shown in Figure 6.13. It is observed that the critical buckling loads of the beams with different GPL 
distribution patterns can be approximated as a linear function of GPL weight fraction as 
   X U A O 0cr cr cr cr X U A O GPL cr, , , , , ,P P P P k k k k W P  , ( Xk > Uk > Ak > Ok >0), (6.112) 
in which X U A Ocr cr cr cr, , ,P P P P  are critical buckling loads, X U A O, , ,k k k k  are slopes, with the 
superscript/subscript X, U, A, and O referring to the distribution patterns X, U, A, and O, respectively. 
0
crP  is the critical buckling load at WGPL = 0.0% (i.e. the pure epoxy beam). The ratio of 
X
crP  to η, i.e. 
the critical buckling temperature rise XcrT of the X-GPLRC beam is given as 
   X X X U U U 0 0cr cr cr cr cr cr X GPL cr U GPL crT P P P P T k W P k W P         , (6.113) 
where UcrT , as explained above, is a constant. It is clear from Eq. (6.113) that 
X
crT  increases as the 
GPL weight fraction WGPL increases due to Xk > Uk . Moreover, 
X
crT  converges to a constant value 
of Ucr X UT k k  when WGPL is sufficiently large. In the same way, one can understand why the critical 
buckling temperatures of A- and O-GPLRC beams are reduced with the GPL weight fraction growing 
and the effect of GPL weight fraction becomes much less pronounced at a higher value of WGPL. The 
results in Figure 6.12 clearly indicate that among the four distribution patterns, pattern X is capable 
of reinforcing the thermal buckling performance of the nanocomposite beams. 
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Figure 6.12. Effects of GPL distribution pattern and weight fraction on the critical buckling temperature rise 
of functionally graded multilayer GPLRC beams. 

















Figure 6.13. Effects of GPL distribution pattern and weight fraction on the critical buckling load of 
functionally graded multilayer GPLRC beams. 
Figure 6.14 depicts the effects of GPL geometry and dimension, in the form of aspect ratio GPL GPLa b  
and width-to-thickness ratio GPL GPLb t , on the critical buckling temperature rise of C-C functionally 
graded multilayer GPLRC beams ( = 0.3%, L/h = 30) where GPL width  is kept constant. In 
such a case, a higher value of GPL GPLa b  represents a larger surface area, while a greater magnitude 
of GPL GPLb t  means that an individual GPL consists of fewer single graphene sheets. The critical 
buckling temperature of the X-GPLRC beam increases as both GPL GPLa b  and GPL GPLb t  increase. 
However, this is reversed for O- and A GPLRC beams, whose critical buckling temperature drops 
with an increase in GPL GPLa b  and GPL GPLb t . These effects, however, are seen to be much less 
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pronounced when GPL GPLb t is close to 10
3, beyond which the critical buckling temperature tends to 
be unchanged. For the same reason mentioned in Figure 3, the critical buckling temperature of the U-
GPLRC beam remains constant regardless of the variations in GPL GPLa b  and GPL GPLb t . 
    
(a)                                                                                 (b) 
    
(c)                                                                                (d) 
Figure 6.14. Effects of GPL geometry and dimension on the critical buckling temperature rise of functionally 
graded multilayer GPLRC beams: (a) X-GPLRC, (b) U-GPLRC, (c) A-GPLRC, and (d) O-GPLRC. 
Table 6.11 Critical buckling temperature rise ΔTcr (K) of functionally graded multilayer X-GPLRC beams with 
different boundary conditions and slenderness ratios (WGPL = 0.3%) 
BC L/h = 25 L/h = 30 L/h = 35 L/h = 40 
C-C 106.60 74.557 55.013 42.238 
C-H 55.079 38.404 28.284 21.689 
H-H 27.122 18.869 13.878 10.633 
 
Table 6.11 tabulates the critical buckling temperature rise for functionally graded multilayer X-










































































































































































































 = 0.3%, L/h = 30
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rigid end supports (i.e. clamped ends) and smaller slenderness ratio has a considerably higher critical 
buckling temperature. 
 Thermo-mechanical vibration 
The free vibration results of functionally graded multilayer GPLRC beams with L/h =10 subjected to 
thermo-mechanical loading are given in Table 6.12 and Figures 6.15 and 6.16 where Pcr is the critical 
buckling load of the corresponding beam at ΔT = 0 K. 
Table 6.12 presents the first three dimensionless natural frequencies of C-C functionally graded 
multilayer GPLRC beams with different GPL distribution patterns subjected to a static axial 
compressive force. Note that Ps/Pcr = 0 corresponds to the case without a static axial force. Similarly 
to the observations in thermal buckling analysis, pattern X gives the highest natural frequencies, 
followed by patterns U, A, and O. Moreover, the natural frequencies are reduced as the compressive 
force is increased. This is because a compressive force creates a compressive initial stress state in the 
beam consequently, weakens the beam stiffness. It is also worthy of noting that the reinforcing effect 
of GPL nanofillers is not affected by the change of the initial axial compression. In other words, the 
percentage frequency increase of the beam due to the addition of GPLs remains the same regardless 
of the increase in Ps/Pcr. 
Table 6.12 The first three dimensionless natural frequencies of C-C functionally graded multilayer GPLRC 
beams under a static axial compression (WGPL = 0.3%, L/h = 10, ΔT = 0 K). 
Multilayer 
beam 
Ps/Pcr = 0  Ps/Pcr = 0.25  Ps/Pcr = 0.50 
1 2 3  1 2 3  1 2 3 
Pure epoxy 0.5998 1.5248 2.7361  0.5228 1.4190 2.6144  0.4299 1.3036 2.4867 
U-GPLRC 0.8475 2.1546 3.8662  0.7386 2.0051 3.6944  0.6075 1.8421 3.5139 
X-GPLRC 0.9293 2.3325 4.1399  0.8103 2.1667 3.9464  0.6668 1.9856 3.7427 
O-GPLRC 0.7508 1.9355 3.5171  0.6540 1.8045 3.3692  0.5375 1.6621 3.2142 
A-GPLRC 0.8164 2.0835 3.7512  0.7114 1.9401 3.5876  0.5849 1.7840 3.4158 
 
Figure 6.15 compares the dimensionless fundamental frequency 1 versus normalized static axial 
force Ps/Pcr curves of functionally graded X-GPLRC beams with different GPL weight fractions. The 
positive and negative values of Ps/Pcr represent the axial compressive and tensile forces, respectively. 
The fundamental frequency increases as the GPL weight fraction grows. In contrast to a compressive 
force, a tensile force strengthens the beam stiffness hence increases the fundamental frequency. 
Figure 6.16 displays the dimensionless fundamental frequency 1 versus normalized static axial force 
Ps/Pcr curves for functionally graded multilayer X-GPLRC beams subjected to initial thermo-
mechanical loading. The results show that the fundamental frequency drops as the temperature 
increases and this effect becomes relatively more remarkable at a larger compressive force. 
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Figure 6.15. Dimensionless fundamental frequency versus normalized static axial force for functionally 
graded multilayer X-GPLRC beams: effect of GPL weight fraction. 
 
Figure 6.16. Dimensionless fundamental frequency versus normalized static axial force for functionally 
graded multilayer X-GPLRC beams: effect of temperature change. 
 Dynamic instability 
We next investigate the dynamic instability of functionally graded multilayer GPLRC beams under a 
periodic axial force. Unless otherwise stated, principle unstable regions, in terms of the dimensionless 
dynamic axial force Pd plotted against the dimensionless excitation frequency θ, are presented in 
Figures 6.17-6.23 for C-C functionally graded multilayer X-GPLRC beams with WGPL = 0.3%, L/h = 
10, Ps/Pcr = 0.5, and ΔT = 0 K. 
Figures 6.17 and 6.18 plot the principal unstable regions for functionally graded multilayer GPLRC 
beams with different GPL distribution patterns and weight fractions, respectively. Among the four 
distribution patterns considered, pattern X gives the highest origin and narrowest unstable region. 
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This is because in such a pattern, more GPLs are distributed near the top and bottom layers of the 
beam where the higher normal bending stress occurs, thus producing the best reinforcing effect. The 
results also show that the unstable region becomes wider at a lower GPL content. Compared with the 
pure epoxy beam, the origin of the unstable region of all GPLRC beams moves to the right as the 
GPL weight fraction increases. This is consistent with the observation in Table 7 where the 
fundamental frequency is found to be the lowest for the pure epoxy beam. 
 
Figure 6.17. Principal unstable regions of functionally graded multilayer GPLRC beams: effect of GPL 
distribution pattern. 
 
Figure 6.18. Principal unstable regions of functionally graded multilayer X-GPLRC beams: effect of CNT 
weight fraction. 
The effects of GPL geometry and dimension on the dynamic instability behaviour of functionally 
graded multilayer X-GPLRC beams are examined in Figure 6.19(a) and (b) where the GPL width-to-
thickness ratio and aspect ratio are fixed as GPL GPLb t = 10
3 and GPL GPLa b = 4, respectively. It is 
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observed that the location and size of the unstable region are not sensitive to the GPL aspect ratio 
although the unstable region does move slightly to the right at a higher value of GPL GPLa b . In contrast, 
an increase in GPL width-to-thickness ratio leads to a higher origin and a smaller unstable region. 
This effect is seen to be much less pronounced when GPL GPLb t  is larger than 10
3, which is very 





Figure 6.19. Principal unstable regions of functionally graded multilayer X-GPLRC beams: effects of GPL 
(a) aspect ratio; and (b) width-to-thickness ratio. 
Figures 6.20 and 6.21 investigate the effects of static axial compressive force and temperature change 
on the dynamic instability of functionally graded multilayer X-GPLRC beams, respectively. The 
unstable region not only gets wider but also moves to the left as both the static axial compressive 
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force and temperature increase. This is because, as mentioned before, both an axial compressive force 
and a temperature rise give rise to a compressive prestress in the beam and therefore weaken the beam 
stiffness. It is noteworthy that the effect of temperature change seems less noticeable than that of 
static axial compressive force due to the fact that the equivalent thermal force induced by the 
temperature rise in Figure 6.21 is much smaller than the exerted static axial compressive force in 
Figure 11.  
 
Figure 6.20. Unstable regions of functionally graded multilayer X-GPLRC beams: effect of static 
compressive force. 
 
Figure 6.21. Unstable regions of functionally graded multilayer X-GPLRC beams: effect of temperature 
change. 
In order to illustrate the individual effect of slenderness ratio and boundary conditions, Figures 6.22 
and 6.23 present the principal unstable regions for functionally graded multilayer X-GPLRC beams 
with different slenderness ratios (L/h = 10, 20, 30) and boundary conditions (C-C, C-H, H-H), 
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respectively. The C-C beam with a smaller slenderness ratio has a significantly higher origin and 
narrower unstable region because of its much greater bending rigidity. 
 
Figure 6.22. Principal unstable regions of functionally graded multilayer X-GPLRC beams: effect of 
slenderness ratio. 
 
Figure 6.23. Principal unstable regions of functionally graded multilayer X-GPLRC beams: effect of 
boundary conditions. 
6.2.6. Conclusions 
The dynamic instability of functionally graded multilayer graphene nanocomposite beams in thermal 
environment is investigated based on the FSDT. The differential quadrature method in conjunction 
with Bolotin’s method is employed to obtain the principal unstable region for functionally graded 
multilayer GPLRC beams. The effective Young’s modulus of GPLRCs is estimated by Halpin-Tsai 
micromechanics model. Comprehensive numerical results are presented in both tabular and graphical 
forms to examine the effects of the distribution pattern, geometry and dimension of GPL nanofillers, 
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initial static axial load, as well as uniform temperature change on the dynamic instability behaviour. 
It is found that the GPL distribution pattern and weight fraction have important influences on the 
thermal buckling, free vibration and dynamic instability of functionally graded multilayer GPLRC 
beams. The effects of GPL geometry and dimension tend to be much less significant when the GPL 
width-to-thickness ratio is greater than 103. Adding more GPLs and distributing them in pattern X 
can effectively increase the natural frequency and reduce the principal unstable region. An increase 
in either static axial compressive force or temperature or in both remarkably weakens the beam 
stiffness consequently leads to a lower fundamental frequency and a larger principal unstable region. 
The influences of slenderness ratio and boundary conditions are also discussed and demonstrated 
through illustrative numerical examples. 
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6.3.1. Abstract 
This paper deals with the thermal buckling and postbuckling of functionally graded multilayer 
nanocomposite plates reinforced with a low content of graphene platelets (GPLs). It is assumed that 
GPL reinforcements are randomly oriented and uniformly dispersed in each individual GPL-
reinforced composite (GPLRC) layer but the concentration follows a layer-wise variation across the 
plate thickness. The modified Halpin-Tsai micromechanics model that takes into account the GPL 
geometry effect is adopted to estimate the effective Young’s modulus of GPLRC layers. Within the 
framework of the first-order shear deformation theory, the nonlinear governing equations are derived 
by applying the principle of virtual displacements and then solved by using a differential quadrature-
based iteration technique. Parametric studies are conducted to examine the influences of GPL 
distribution pattern, concentration and geometry, as well as in-plane force on the thermal buckling 
and postbuckling behaviours. Our results show that distributing more GPLs near the surface layers is 
capable of reinforcing the thermal buckling and postbuckling performances of GPLRC plates. 
Whether the thermal buckling and postbuckling resistance increases or decreases with the increases 
in GPL weight fraction, aspect ratio and width-to-thickness ratio is highly dependent on the GPL 
distribution pattern. 
Keywords: Thermal buckling; Postbuckling; Graphene nanocomposite; Functionally graded plate; 
Differential quadrature method 
6.3.2. Introduction 
Graphene [1], a two-dimensional and one-atom-thick layer of carbon, has garnered substantial 
academic and industrial interests due to its superior thermal, electrical and mechanical properties [2-
4]. Compared to carbon nanotubes (CNTs), it has comparable tensile strength and Young’s modulus, 
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but a much larger surface area of up to 2630 m2g-1. These remarkable physical properties, together 
with chemical functionalization capabilities [5], enable graphene to become a promising 
reinforcement material while improving the mechanical properties of polymeric materials. As a 
consequence, the polymer nanocomposites reinforced with graphene-based nanofillers have become 
an emerging area of extensive research efforts [6, 7]. 
Rafiee et al. [8] measured and compared the mechanical properties of epoxy nanocomposites 
reinforced with 0.1wt% of graphene platelets (GPLs) and CNTs, respectively. They found that the 
graphene/epoxy composite exhibits significantly higher tensile strength and Young’s modulus than 
the epoxy nanocomposite reinforced with the same amount of CNTs. Following that Rafiee and his 
co-authors [9] experimentally investigated the buckling of graphene/epoxy nanocomposite beam 
structures and observed that the critical buckling load can be increased by up to 52% through adding 
only 0.1wt% of GPLs into the epoxy matrix. Parashar and Mertiny [10] analysed the buckling of 
graphene/polymer nanocomposite plates under compressive loading using a multiscale modelling 
technique. Their results indicated that the buckling strength of polymer nanocomposite plates can be 
improved by 26% with only 6 vol% of graphene. In these two studies [9, 10], graphene reinforcements 
are assumed to be uniformly or randomly distributed in the polymer matrix. Existing studies revealed 
that the agglomeration or clustering of reinforcements has significant effects on the mechanical 
properties of composites [11, 12]. From the material fabrication perspective, only a low percentage 
of graphene can be added into the polymer matrix as a high content of graphene nanofillers are prone 
to agglomerate and consequently deteriorates the resulting mechanical properties of nanocomposites 
[13-15]. 
Functionally graded materials (FGMs) are characterized by the continuous variation in both 
composition and properties along certain direction(s). The material properties of FGMs can be 
tailored to meet the requirements in various working conditions. The mechanical behaviours of FGM 
structures have been extensively studied over the past decades, such as [16-23], among many others. 
In order to effectively make use of a low content of graphene, Song et al. [24] proposed the 
functionally graded multilayer graphene nanocomposite in which the graphene reinforcements are 
nonuniformly distributed in a layer-wise manner in the thickness direction, and found that the free 
and forced vibration performances of polymer nanocomposite plates can be further enhanced by 
distributing more GPLs near the top and bottom surfaces of the plate. Subsequently, Yang and his co-
authors studies the buckling and postbuckling [25], and dynamic instability [26] of functionally 
graded multilayer graphene platelet-reinforced composite (GPLRC) beams. Their results revealed 
that an addition of a low content of GPLs into epoxy can considerably increase the buckling and 
postbuckling strength and reduce the principle unstable region. Feng et al. evaluated the nonlinear 
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bending [27] and free vibration [28] of functionally graded polymer composite beams reinforced with 
GPLs. They suggested that placing more GPLs with larger surface area and fewer single-layer 
graphene sheets near the surfaces of the nanocomposite beam is the most effective way to reduce the 
bending deflection and increase the natural frequencies. Shen et al. [29] carried out nonlinear bending 
and thermal postbuckling analyses of functionally graded graphene-reinforced composite laminated 
beams resting on an elastic foundation and suggested that the functionally graded graphene 
reinforcement and temperature change have pronounced impacts on the nonlinear bending and 
thermal postbuckling behaviours. Kitipornchai and his co-authors [30, 31] demonstrated that the 
incorporation of a small amount of GPLs can remarkably reinforce the stiffness of functionally graded 
porous beams. For the plate structures, Yang et al. [32] examined the thermoelastic bending of 
functionally graded polymer nanocomposite plates reinforced with GPLs based on 3D elasticity 
theory. It was found that the nonlinear distribution of GPLs leads to the lowest bending deflection 
and normal stress. Shen and his co-workers gradually presented the nonlinear bending [33], vibration 
[34], and buckling and postbuckling [35] analyses of functionally graded graphene-reinforced 
composite laminated plates in thermal environments based on the higher-order shear deformation 
theory. In their works [33-35], only the case of simply supported plates was considered and the 
maximum concentration of graphene in an individual layer reaches up to 11vol%, which is, as 
aforementioned, likely to result in the agglomeration of graphene in practice.  
Owing to the superior mechanical, thermal and electrical properties, compared to the neat polymer, 
graphene-based polymer nanocomposites are widely used in flexible electronics and sensing 
technology [36], such as electronics devices [37], energy storage devices [38], sensors [39], and 
biomedical applications [40]. In addition, graphene polymer nanocomposites show great potentials 
as lightweight and buckling-resistant structural elements in aeronautical and space industries, as 
reported by Rafiee et al. [9]. Such graphene nanocomposite structures in the forms of beam, plate and 
shell, are often subjected to severe thermal environments during their service lives. Therefore, the 
thermal buckling and postbuckling analyses of nanocomposite structures is of utmost importance for 
their applications in engineering. Numerous studies have demonstrated the importance of thermal 
effects on the mechanical response of FGM structures, such as [41-48], among many others. Thermal 
buckling and postbuckling of CNT-reinforced composite (CNTRC) structures have been investigated 
as well [49-52]. However, to the best of the authors’ knowledge, no previous study has been done on 
the thermal buckling and postbuckling of graphene nanocomposite structures. 
Hence, this paper is devoted to analyse the thermal buckling and postbuckling of functionally graded 
multilayer GPLRC plates that are subjected to a combined loading of uniform temperature change 
and in-plane force. GPL reinforcements are assumed to be uniformly distributed in each GPLRC layer 
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but with the concentration varying from layer to layer. The effective Young’s modulus of GPLRCs 
is predicted by a modified Halpin-Tsai micromechanics model. The nonlinear governing equations 
are derived based on the first-order shear deformation theory (FSDT) and then converted into a system 
of nonlinear algebraic equations by using differential quadrature (DQ) method, from which the 
thermal postbuckling equilibrium path can be traced by a standard iteration procedure. 
Comprehensive first-ever-known numerical results are presented and a detailed parametric study is 
carried out on the thermal buckling and postbuckling behaviour of functionally graded multilayer 
GPLRC plates, with a particular focus on the effects of distribution pattern, volume fraction and 
geometry of GPLs to best explore the potentials of GPLs towards the development of advanced 
lightweight polymer nanocomposite structures. The current study and presented results are of great 
practical importance to the design of graphene based polymer nanocomposite structures and promote 
their applications in engineering. 
6.3.3. Multilayer GPLRC plate 
In this study, the multilayer graphene nanocomposite plate is composed of perfectly bonded GPLRC 
layers with the equal thickness. Each individual layer is made from a mixture of GPL reinforcements 
and isotropic polymer matrix in which GPLs are randomly oriented and uniformly dispersed. 
Nevertheless, the GPL weight fraction may have a layer-wise variation across the plate thickness. 
The uniform (U) and functionally graded (X and O) distributions of GPLs are considered and shown 
in Figure 6.24 where the darker colour represents a higher GPL concentration within the layer. In the 
uniform distribution, the GPL content remains constant across all layers, thus U-GPLRC corresponds 
to an isotropic homogeneous plate. In the functionally graded distributions, the GPL weight fraction 
varies linearly from layer to layer. For the case of X-GPLRC, the top and bottom layers are GPL rich 










Figure 6.24. Configuration and coordinate system of a multilayer GPLRC plate. 
It is assumed that the multilayer GPLRC plate consists of an even number of layers. The GPL volume 
fraction GPLV  for the three symmetrical distribution patterns in Figure 6.24 are governed by [25, 26] 
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U-GPLRC: ( ) *GPL GPL
kV V , (6.114) 
X-GPLRC: 
( ) *
GPL GPL L L2 2 1
kV V k N N   , (6.115) 
O-GPLRC:  ( ) *GPL GPL L L2 1 2 1kV V k N N    , (6.116) 
where NL is the total number of layers of the plate, and 
( )
GPL
kV  is the value of GPLV  in the k
th layer ( k = 
1, 2, …, NL). 
*











in which GPL  and m  are the mass densities of the GPL and matrix, respectively. GPLW  is the total 
GPL weight fraction in the whole plate. Note that with Eqs. (6.114)-(4.117) the U-, X- and O-GPLRC 
plates have the identical value of GPL weight fraction. 
It has been revealed that the geometry and size of fillers have important influences on elastic 
properties of polymer composites [53-55]. The modified Halpin-Tsai micromechanics model [25, 56, 
57] that takes into account the effects of nanofillers’ geometry and dimension is used to estimate the 
effective Young’s modulus of GPLRCs: 
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In the above equations, GPLE  and mE  are the Young’s moduli of the GPL and matrix, respectively. 
The GPL geometry factors L  and T  are defined as 
 L GPL GPL2 a t  ,  T GPL GPL2 b t  , (6.120) 
in which GPLa , GPLb  and GPLt  are the length, width and thickness of GPL nanofillers, respectively. 
Note that L  can be rewritten as 
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   L GPL GPL GPL GPL2 a b b t   , (6.121) 
by which the effects of aspect ratio GPL GPLa b and width-to-thickness ratio GPL GPLb t  of GPLs can be 
evaluated. 
According to the rule of mixture, the Poisson’s ratio ν and thermal expansion coefficient α of GPLRCs 
are expressed as 
m m GPL GPLV V    , (6.122) 
m m GPL GPLV V    , (6.123) 
where GPL  and m  are the Poisson’s ratios, and GPL  and m  are the thermal expansion coefficients, 
with the subscripts “GPL” and “m” referring to the GPL and matrix, respectively. mV = 1− GPLV  is the 
matrix volume fraction. 
6.3.4. Theoretical formulations 
 Governing equations 
A multilayer GPLRC plate of length a, width b and thickness h is defined in a Cartesian coordinate 
system, as shown in Figure 1. We assume that the plate is initially stress free at the reference 
temperature T0 and is then subjected to a uniform temperature change ΔT = T−T0 and uniform edge 
forces NX0 along X-axis and NY0 along Y-axis. Let U , V , and W  denote the plate displacements 
parallel to the coordinates (X, Y, Z). According to the FSDT, the displacements of an arbitrary point 
in the plate are given by 
 , , ( , ) ( , )XU X Y Z U X Y Z X Y  , (6.124) 
 , , ( , ) ( , )YV X Y Z V X Y Z X Y  , (6.125) 
 , , ( , )W X Y Z W X Y , (6.126) 
where U, V and W are the displacements on the mid-plane (Z = 0) of the plate; X  and Y  are the 
mid-plane rotations of a transverse normal about the Y- and X-axes, respectively. By using von 
Kármán nonlinearity, the nonlinear strains associated with the displacements are obtained as 
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where the comma denotes the partial derivative with respect to the corresponding coordinate. The 
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By using the principle of virtual displacements, the nonlinear governing equations of a multilayer 
GPLRC plate that is subject to the combined action of a uniform temperature variation and in-plane 
edge forces can be derived as 
, , 0XX X XY YN N  , (6.130) 
, , 0XY X YY YN N  , (6.131) 
   , , 0 , 0 , ,2 0X X Y Y XX X XX YY Y YY XY XYQ Q N N W N N W N W       , (6.132) 
, , 0XX X XY Y XM M Q   , (6.133) 
, , 0XY X YY Y YM M Q   , (6.134) 
The corresponding boundary conditions at the edges of the plate require 
0U   or 0XX X XY YN n N n  , (6.135) 
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0V   or 0XY X YY YN n N n  , (6.136) 
0W   or    0 , , 0 , , 0XX X X XY Y X X YY Y Y XY X Y YN N W N W Q n N N W N W Q n              , (6.137) 
0X   or 0XX X XY YM n M n  , (6.138) 
0Y   or 0XY X YY YM n M n  , (6.139) 
where Xn  and Yn  are the direction cosines of the unit outward vector normal to the boundary of the 
mid-plane. Note that the stresses are not continuous through the plate thickness due to the change of 
material properties from layer to layer. The integration of stresses through the plate thickness requires 
layer-wise integration. The kth GPLRC layer is located between the points Z = Zk and Z = Zk+1 in the 
thickness direction. The force and moment resultants are then given by 



















XXXX XX XX XXN
h Z
T
YY YY YY YY YY
h Z
k T
XYXY XY XY XY
N A A N








          
                        
                    
  , (6.140) 















h ZY YZ YZ YZ
h Z









          
          
         
  , (6.141) 
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         
                        
                    
  , (6.142) 
in which the thermal force and moment resultants are calculated from 
 




















N M Q Q






     
         
        
 , (6.143) 
and the stiffness elements are defined in terms of the plate stiffness Qij as 











ij ij ij ij
h Z
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   ,   (i, j = 1, 2, 6), (6.144) 


















    ,   (i, j = 4, 5). (6.145) 
Here  = 5/6 is the shear correction coefficient. 
Substituting for the force and moment resultants from Eqs. (6.140)-(6.142), the governing equations 
(17)-(21) can be expressed in terms of displacements as 
     11 , , , 12 , , , 66 , , , , , , 0XX X XX XY Y XY YY XY Y XY X YYA U W W A V W W A U V W W W W        , (6.146) 
     66 , , , , , , 12 , , , 22 , , , 0XY XX XX Y X XY XY X XY YY Y YYA U V W W W W A U W W A V W W        , (6.147) 
        
      
2 2
1 1
55 , , 44 , , 11 , , 12 , , 0 ,2 2
2 2
1 1
12 , , 22 , , 0 , 66 , , , , ,2 2
2 0
T
XX X X YY Y Y X X Y Y XX X XX
T
X X Y Y YY Y YY Y X X Y XY
A W A W A U W A V W N N W
A U W A V W N N W A U V W W W
                   
                  
, (6.148) 
   11 , 12 , 66 , , 55 , 0X XX Y XY X YY Y XY X XD D D A W          , (6.149) 
   66 , , 12 , 22 , 44 , 0X XY Y XX X XY Y YY Y YD D D A W          . (6.150) 
Note that for a uniform temperature variation the derivatives of thermally induced forces and 
moments with respect to the coordinates (X, Y) are zero and consequently are omitted in the governing 
equations. 
By introducing the following dimensionless quantities: 
               
       
1 2
2
110 0 0 0 110
, , , , , , , , , , , , , ,
, , , , , , , , ,
x y X Y
T T T T
ij ij ij ij Y X xx yy X XX YY
x y X a Y b u v w U V W h a h b
a d A D h A N N P P P N N N A
     

   
  
 (6.151) 
where 110A  is the value of 11A  of a homogeneous beam made from the pure matrix material, the 
governing equations (6.146)-(6.150) can be rewritten in the dimensionless form as 
     2 2 2
1 1 1 1
1
11 , , , 12 2 , , , 66 2 2 , , , , , , 0xx x xx xy y xy yy xy y xy x yya u w w a v w w a u v w w w w
  
             , (6.152) 
     2 2
1 1 1 1
21 1
66 2 , , , , , , 12 2 , , , 22 2 , , , 0xy xx xx y x xy xy x xy yy y yya u v w w w w a u w w a v w w
 
             , (6.153) 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
228 
        
      
11 2 2
1 1 1 1
12 2 2 2 2
1 1 1 1 1 1
22
1
55 , 1 , 44 2 2 , 1 , , , 12 , , ,2 2
22 21
, , 22 , , 2 , 66 2 , , , , ,2 2
2 0
a T
xx x x yy y y x x y y xx xx
a T
x x y y yy yy y x x y xy
a w a w u w a v w P P w
u w a v w P P w a u v w w w
 
   
   
     
   
  
                
                 
, (6.154) 
   11 , 12 2 , 66 2 2 , , 55 1 , 1 0x xx y xy x yy y xy x xd d d a w              , (6.155) 
   266 2 , , 12 2 , 22 2 , 44 1 2 , 1 0x xy y xx x xy y yy y yd d d a w               . (6.156) 
In the present analysis, the plate is assumed to be either simply supported (S) or clamped (C), with 
the edges freely movable or fully immovable along their normal directions. The associated out-of-
plane boundary conditions require that 
Simply supported (S): 
0yw   , 11 , 12 2 , 0x x y yd d    , at edges x = 0, 1, (6.157) 
0xw   , 12 , 22 2 , 0x x y yd d    , at edges y = 0, 1; (6.158) 
Clamped (C): 
0x yw     , at all edges. (6.159) 
Depending on the nature of in-plane displacement constrains, two cases of in-plane boundary 
conditions, referred to as “movable” and “immovable” respectively, are considered. The movable in-
plane boundary conditions are expressed as 




11 , , 12 2 , ,2 2
0x x y ya u w a v w

 
            
, at edges x = 0, 1, (6.160) 




12 , , 22 2 , ,2 2
0x x y ya u w a v w

 
            
, at edges y = 0, 1. (6.161) 
The fully immovable in-plane boundary conditions require 
0u v  , at all edges. (6.162) 
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 Solution procedure 
The DQ method was proposed by Bellman and his associates [58, 59] as a simple and efficient 
numerical approach to solve linear and nonlinear differential equations. The basic idea of this method 
is to approximate partial derivatives of a function with respect to a variable at any discrete point as 
the weighted linear sums of the function values at all the discrete points chosen in the domain of that 
variable, by which it overcomes the problems of complex computer programming algorithms by 
computing a moderately accurate solution from only a few discrete points. In this paper, the DQ 
method combined with an iterative technique is employed to solve the nonlinear partial differential 
equations that govern the thermal buckling and postbuckling of functionally graded multilayer 
GPLRC plates. Applying the DQ approximation, the nonlinear differential governing equations are 
first discretised into a set of nonlinear algebraic equations, from which the thermal postbuckling 
equilibrium path is then traced by a standard iterative process. 
According to the DQ discretization rule [60], the unknown displacement components and their k1
th 
and k2
th partial derivatives with respect to x and y, respectively, are approximated as 
      
1 2
1 1
, , , , , , , ,
N N
x y m n mn mn mn xmn ymn
m n
u v w l x l y u v w   
 
 , (6.163) 









x y im jn mn mn mn xmn ymnk k
m nx x y y
u v w C C u v w
x y





 , (6.164) 
where  , , , ,mn mn mn xmn ymnu v w    are the values of  , , , ,x yu v w    at (x, y) = (xm, yn); lm(x) and ln(y) 
are the Lagrange interpolation polynomials; 
 1k
imC  and 
 2k
jnC  are the weighting coefficients of the k1th 
and k2th partial derivatives of unknown displacement components with respect to x and y, respectively, 
and can be calculated from the recursive formulae given by Yang et al. [61]; N1 and N2 are the total 
























, j = 1, 2, …, N2. (6.166) 
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By applying the relationships (6.163) and (6.164) to the dimensionless partial differential equations 
(6.152)-(6.156) and the associated boundary conditions (6.157)-(6.162), one obtains the discretized 
governing equations as 
         
           
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1 1 1 1 2
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, (6.170) 
           
 
1 2 1 1 2 2
2
1 1 2 1 1 22
66 2 12 2 22 2
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1
44 1 2 , 1
1
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im jn xmn im ymj im jn xmn jn yin
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N
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  
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
 
   
 
 
   
 
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
. (6.171) 
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The out-of-plane boundary conditions (6.157)-(6.159) can be handled in the same way as 
Simply supported (S): 
   
1 2
1 1




j y j m xmj jn y n
m n
w d C d C   
 
     , at the edge x = 0, (6.172) 
   
1 2






N j yN j N m xmj jn yN n
m n
w d C d C   
 
     , at the edge x = 1, (6.173) 
   
1 2
1 1




i yi im xm n yin
m n
w d C d C   
 
     , at the edge y = 0, (6.174) 
   
1 2






iN yiN im xmN N n yin
m n
w d C d C   
 
     , at the edge y = 1; (6.175) 
Clamped (C): 
1 1 1 0j x j y jw     , 1 1 1 0N j xN j yN jw     , at edges x = 0, 1, (6.176) 
1 1 1 0i xi yiw     , 2 2 2 0iN xiN yiNw     , at edges y = 0, 1; (6.177) 
The movable in-plane boundary conditions are rewritten as 
       
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    , (6.178) 
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         
    , (6.179) 
at edges x= 0, 1, and 
       
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    , (6.181) 
at edges y = 0, 1. The fully immovable in-plane conditions are 
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1 11 1
0, 0j j N j N ju v u v    , at edges x = 0, 1, (6.182) 
2 21 1
0, 0i i iN iNu v u v    , at edges y = 0, 1. (6.183) 
In view of Eq. (6.143) and keeping Eq. (6.151) in mind, substitution of the associate boundary 
conditions into the governing equations (6.167)-(6.171) leads to a system of nonlinear algebraic 
equations that governs the buckling and postbuckling of multilayer GPLRC plates under thermo-
mechanical loading and can be expressed in the matrix form as 
 L T P NL1 NL2 0T P    K K K K K d , (6.184) 
where d implies the unknown displacement vector that is composed of iju , ijv , ijw , xij , yij  (i = 1, 
2, …, N1; j = 1, 2, ..., N2), KL, KT, KP, KNL1 and KNL2 are 5N1N25N1N2 stiffness matrices, among 
which KL is the constant coefficient matrix, KT and KP are the coefficient matrices that are associated 
with the temperature rise ΔT and applied in-plane force P, the elements in KNL1 and KNL2 are linear 
and quadratic functions of the unknown displacements, respectively. By dropping the nonlinear 
matrices, Eq. (6.184) reduces to a linear eigenvalue problem, from which the critical buckling 
temperature rise ΔTcr or buckling load Pcr of multilayer GPLRC beams can be obtained as the lowest 
positive eigenvalue. The postbuckling equilibrium path can be traced by solving the nonlinear 
governing equation (71) with the iterative scheme detailed by Liew et al. [62]. 
6.3.5. Results and discussion 
In what follows, the functionally graded multilayer GPLRC plates with a total thickness h = 0.01 m 
are made from a mixture of the epoxy and GPLs with a length of GPLa = 2.5 μm, width of GPLb = 1.5 
μm and thickness of GPLt = 1.5 nm [8]. The material properties of the epoxy and GPL are assumed to 
be temperature-independent and are given in Table 6.13. For brevity, a clockwise symbolic notation 
staring from x = 0 is employed to indicate the boundary conditions of the plate. “SCSC”, for example, 
refers to a plate that is simply supported at x = 0, 1 and clamped at y = 0, 1. 
Table 6.13 Material properties of the epoxy and GPL [26]. 
Material properties Epoxy [63] GPL [8] 
Young’s modulus (GPa) 3.0 1010 
Density (kg m-3) 1200 1062.5 
Poisson’s ratio 0.34 0.186 [64] 
Thermal expansion coefficient (×10-6 /K) 60 5.0 [65] 
 
 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
233 
4.1 Convergence and comparison 
Prior to parametric studies, convergence and comparison studies are first conducted to ensure the 
accuracy of the present analysis. Without loss of generality, same number of grid points are selected 
along the x- and y-axes, namely N1 = N2 = N. The thermal buckling and postbuckling results for a 
functionally graded multilayer X-GPLRC plates with varying total number of grid points and GPLRC 
layers are compared in Table 6.14 where wc and ΔTcr are the dimensionless central deflection and 
critical buckling temperature rise, respectively, and ΔT denotes the postbuckling temperature that is 
given at wc = 1.0. It is seen that acceptable convergent results are obtained at N = 11. In addition, the 
tiny difference between the results at NL = 10 and NL = +∞ implies that a multilayer GPLRC plate 
with 10 layers is sufficiently accurate to model an ideal functionally graded plate with smooth 
variations in both material composition and properties. In terms of the manufacturing difficulties, NL 
= 10, as well as N = 11 are used in the following computations. 
Table 6.14 Convergence of thermal buckling and postbuckling results (K) for a simply supported functionally 
graded multilayer X-GPLRC square plate (a/h = 25, WGPL = 0.3%). 
N (NL = 10) ΔTcr ΔT (wc = 1.0)  NL (N = 11) ΔTcr ΔT (wc = 1.0) 
5 39.572 80.388  6 39.690 84.945 
7 40.277 85.247  10 40.261 85.504 
9 40.261 85.544  20 40.502 85.740 
11 40.261 85.504  30 40.547 85.784 
13 40.261 85.513  40 40.563 85.799 
15 40.261 85.506  50 40.570 85.813 
17 40.261 85.506  +∞ 40.583 85.826 
 
Table 6.15 Comparison of critical buckling load (N) for isotropic plates subjected to uniaxial compression. 
Boundary conditions Present ABAQUS [66] Experimental results [66] 
SFSF 436.51 433.63 458 
CFSF 912.48 903.70 884 
CFCF 1808.4 1792.2 1718 
 
Table 6.16 Comparison of critical temperature parameter 
3
Tcr cr
10 T    for simply supported isotropic plates 
under a uniform temperature rise (a/b = 1, ν = 0.3). 
Source a/h = 10 a/h = 20 a/h = 100 
Present 11.98 3.119 0.1265 
Zhang et al. [67] 11.99 3.123 0.1272 
Zhao et al. [68] 11.83 3.089 0.1271 
 
The critical buckling loads for isotropic plates subjected to uniform edge compression along the x-
direction are calculated and compared in Table 6.15 with numerical and experimental results by Seifi 
and Khoda-yari [66], among which the numerical results were obtained by using the finite element 
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analysis software ABAQUS. The material properties used in this example are E = 70 GPa and ν = 
0.33. The plate with the size of 2402401.2 mm3 is either simply supported (S) or clamped (C) at x 
= 0, 1 but free (F) at y = 0, 1. Very close agreements are observed between the present and existing 
results. In addition, the dimensionless critical buckling temperatures for isotropic square plates under 
a uniform temperature rise are also given in Table 6.16, together with those of Zhang et al. [67] and 
Zhao et al. [68] in which the local Kriging meshless method and element-free kp-Ritz method were 
used, respectively. Again, our results agree very well with those reported in the literature. 
Figure 6.25 depicts the thermal postbuckling equilibrium path for a simply supported isotropic plate 
with immovable edges at x = 0, 1. Direct comparison shows an excellent agreement between the 
present curve and that of Liew et al. [62]. 


















imovable at x = 0, 1
a/b = 1, a/h = 100,  = 0.15
 
Figure 6.25. Comparison of thermal postbuckling paths for an isotropic plate under a uniform temperature 
change. 
 Thermal buckling 
The thermal buckling results are presented in Figures 3-6 and Table 6.17. Unless otherwise specified, 
the results in this section are for simply supported (SSSS) functionally graded multilayer GPLRC 
square plates that are fully immovable and subjected to a uniform temperature rise. 
Figure 6.26 illustrates the effects of GPL distribution pattern and weight fraction on the thermal 
buckling of functionally graded multilayer GPLRC plates with a side-to-thickness ratio a/h = 20. The 
results show that the critical buckling temperature of the X-GPLRC plate is increased as the GPL 
weight fraction is raised, while this is inversed for the O-GPLRC plate, the critical buckling 
temperature of which decreases as the GPL weight fraction increases. This influence becomes less 
pronounced as the value of WGPL is sufficiently large. However, the critical buckling temperature of 
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the U-GPLRC beam is almost unaffected and remains nearly constant as the GPL weight fraction 
changes. This is because that the plate with a higher GPL content has a greater stiffness and 
accordingly possesses a greater thermal buckling load. However, according to Eq. (6.143), it does not 
necessarily have a higher buckling temperature rise. These observations are further confirmed by the 
finite element modelling (FEM) results obtained using ABAQUS, in which the multilayer GPLRC 
plate is constructed by the create composite layup option and meshed with 8-node quadratic reduced 
integration shell (S8R) elements of controlled size. The calculated material properties in Section 6.3.3 
are assigned to each layer of the beams with different GPL distribution patterns. For thermal buckling 
analysis, a step procedure named Linear perturbation/Buckle is used to determine the critical buckling 
temperature rise. As can be observed, both the DQ and FEM results indicate that the X-GPLRC plate 
has the highest critical buckling temperature, followed by the U- and O-GPLRC plates. This can be 
explained by Eq. (6.144) that the plate with more GPLs located near to surface layers has a larger 
bending stiffness and hence possesses higher thermal buckling resistance. 
























a/b = 1, a/h = 20
 
Figure 6.26. Effects of GPL distribution pattern and weight fraction on the critical buckling temperature rise 
of functionally graded multilayer GPLRC plates. 
The influences of GPL aspect ratio GPL GPLa b  and width-to-thickness ratio GPL GPLb t  on the thermal 
buckling of functionally graded multilayer GPLRC plates with different distribution patterns are 
examined in Figure 6.27 where a higher value of GPL GPLa b  represents a lager GPL surface area and 
a greater magnitude of GPL GPLb t  signifies that each individual GPL contains fewer monolayer 
graphene sheets. The critical buckling temperature of the X-GPLRC plate increases with an increase 
in both GPL GPLa b  and GPL GPLb t , while that of the O-GPLRC plate shows the reverse changing trend. 
These effects, however, become much less significant and the critical buckling temperature tend to 
be convergent when the value of GPL GPLb t  is greater than 10
3. Similarly to the observation in Figure 
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6.26, the critical buckling temperature of the U-GPLRC beam remain unchanged, regardless of the 









































Figure 6.27. Effect of GPL geometry on the critical buckling temperature rise of functionally graded 
multilayer GPLRC plates. 
Table 6.17 tabulates the critical buckling temperature rises for simply supported functionally graded 
multilayer GPLRC plates (a/b = 1.0, 1.5; a/h = 25, 35, 45) that are either fully immovable or movable 
at x = 0, 1. The critical buckling temperature is dramatically reduced as the side-to-thickness ratio a/h 
changes from 25 to 45, but is raised with an increase in aspect ratio a/b. Compared with fully 
immovable plates, the movable plates have significantly higher critical buckling temperatures. This 
is due to the fact that for the movable plate, the thermally induced deformation can develop freely in 
the in-plane direction of the plate and consequently has no effect on the critical buckling temperature. 
The results also confirm that among those GPL distribution patterns, only pattern X is capable of 
reinforcing the thermal buckling of GPLRC plates. 
Table 6.17 Critical buckling temperature rise ΔTcr (K) for simply supported functionally graded multilayer 
GPLRC plates with either immovable or movable edges (WGPL = 0.3%). 
Multilayer plate 
a/b = 1.0  a/b = 1.5 
a/h = 25 a/h = 35 a/h = 45  a/h = 25 a/h = 35 a/h = 45 
Fully immovable 
X-GPLRC 40.261 20.660 12.528  64.949 33.447 20.311 
U-GPLRC 32.539 16.679 10.109  52.564 27.021 16.397 
O-GPLRC 24.817 12.707 7.698  40.147 20.601 12.492 
Movable at x = 0, 1, immovable at y = 0, 1 
X-GPLRC 80.523 41.320 25.056  93.816 48.312 29.339 
U-GPLRC 65.077 33.357 20.218  75.926 39.030 23.684 
O-GPLRC 49.635 25.414 15.396  57.990 29.757 18.044 
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Figure 6.28 displays the effect of boundary condition on the critical buckling temperature rise ΔTcr 
versus side-to-thickness ratio a/h for functionally graded multilayer X-GPLRC plates. As expected, 
the fully clamped (CCCC) plate possesses the highest resistance to the thermal buckling, followed by 
the SCSC, SSCC, and SSSS plates. 





















a/b = 1, WGPL= 0.1%
 
Figure 6.28. Critical buckling temperature rise versus side-to-thickness ratio for functionally graded 
multilayer X-GPLRC plates with different boundary conditions. 




















movable at x = 0, 1
a/b = 1, a/h = 30
WGPL= 0.3%
 
Figure 6.29. Critical buckling temperature rise versus normalized in-plane force for functionally graded 
multilayer GPLRC plates with different GPL distribution patterns. 
Figure 6.29 presents the critical buckling temperature rise ΔTcr versus normalized in-plane force P/Pcr 
for functionally graded multilayer GPLRC plates with different GPL distribution patterns. Pcr is the 
critical buckling load of the corresponding plate under uniaxial compression at ΔT = 0 K. The positive 
and negative values, respectively, of P/Pcr denote the compressive and tensile in-plane forces that are 
applied on the edges x = 0, 1 of the plate. The critical buckling temperature can be increased by 
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applying a tensile force, because it gives rise to an initial tensile stress state in the plate and therefore 
improves the plate stiffness. In contrast, a compressive force weakens the plate stiffness and 
accordingly reduces the critical buckling temperature.  
 Thermal postbuckling 
We next investigate the thermal postbuckling of functionally graded multilayer GPLRC plates under 
thermo-mechanical loading. Unless otherwise stated, the thermal postbuckling results, in terms of the 
postbuckling temperature ΔT plotted against the dimensionless central deflection wc, are given in 
Figures 6.30-6.35 for fully immovable, simply supported functionally graded multilayer X-GPLRC 
plates with a/b = 1, a/h = 25 and WGPL = 0.3%. 
Figure 6.30 shows the effect of GPL distribution pattern on the thermal postbuckling equilibrium path 
of functionally graded multilayer GPLRC plates. Compared with U- and O-GPLRC plates, the X-
GPLRC plate is capable of carrying a higher temperature in the postbuckling phase since pattern X 
makes the better use of GPL reinforcements and gives the higher bending stiffness. 




















a/b = 1, a/h = 25
 
Figure 6.30. Effect of GPL distribution pattern on the thermal postbuckling response of functionally graded 
multilayer GPLRC plates. 
Figures 6.31-6.33 investigate the influences of GPL content and geometry on the thermal 
postbuckling response of functionally graded multilayer GPLRC plates. The magnitudes of GPL 
width-to-thickness ratio and aspect ratio are taken as GPL GPLb t = 10
2 and GPL GPLa b = 4 in Figures 
6.32 and 6.33, respectively. As demonstrated by the figures, the thermal postbuckling resistance of 
the X-GPLRC plate grows but that of the O-GPLRC plate decreases as the GPL weight fraction, 
aspect ratio, and width-to-thickness ratio increase, while that of the U-GPLRC plate is almost 
unchanged. This means that the effects of GPL weight fraction, aspect ratio, and width-to-thickness 
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ratio on the thermal postbuckling are highly sensitive to the GPL distribution pattern. It is also 
noteworthy that the GPL width-to-thickness ratio has a more significant influence than the aspect 
ratio, but this influence, as revealed in the thermal buckling analysis, tends to be much less 
pronounced when GPL GPLb t  is larger than 10
3. 




















a/b = 1, a/h = 25
 
(a) 
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a/b = 1, a/h = 25
 
(c) 
Figure 6.31. Effect of GPL weight fraction on the thermal postbuckling response of functionally graded 
multilayer GPLRC plates: (a) X-GPLRC, (b) U-GPLRC, (c) O-GPLRC. 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
240 














































































Figure 6.32. Effect of GPL aspect ratio on the thermal postbuckling response of functionally graded 
multilayer GPLRC plates: (a) X-GPLRC, (b) U-GPLRC, (c) O-GPLRC. 
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Figure 6.33. Effect of GPL width-to-thickness ratio on the thermal postbuckling response of functionally 
graded multilayer GPLRC plates: (a) X-GPLRC, (b) U-GPLRC, (c) O-GPLRC. 
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The thermal postbuckling analysis is performed in Figure 6.34 for simply supported functionally 
graded multilayer X-GPLRC plates that are immovable at y = 0, 1 but movable at x = 0, 1. The plate 
(a/h = 35) is subjected to a uniform edge force (P/Pcr = -0.25, 0, 0.25) in the x direction and undergoes 
a uniform temperature rise. The thermal postbuckling curve becomes considerably higher by applying 
a tensile edge force but gets lower as a result of exerting a compressive force. Moreover, all the 
movable plates have an observably higher thermal postbuckling curve than the fully immovable one. 








movable at x = 0, 1:
 P/Pcr = -0.25
 P/Pcr = 0











a/b = 1, a/h = 35
 
Figure 6.34. Effect of in-plane force on the thermal postbuckling response of functionally graded multilayer 
X-GPLRC plates. 





















a/b = 1, a/h = 35
 
Figure 6.35. Effect of boundary condition on the thermal postbuckling response of functionally graded 
multilayer X-GPLRC plates. 
Figure 6.35 depicts the thermal postbuckling equilibrium paths for functionally graded multilayer X-
GPLRC plates (a/h = 35) with different boundary conditions. As expected, the SSSS plate has the 
lowest thermal postbuckling resistance, followed by SSCC, SCSC and CCCC plates. It should be 
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noted that the postbuckling curve of the plate with two adjacent two clamped edges (SSCC) tends to 
be closer to that of the plate with two opposite clamped edges (SCSC) as the deflection becomes 
larger. 
6.3.6. Conclusions 
In this paper, the thermal buckling and postbuckling of functionally graded multilayer GPLRC plates 
under a combined action of uniform temperature rise and in-plane force are investigated based on 
FSDT. The modified Halpin-Tsai model is employed to estimate the effective Young’s modulus of 
GPLRC layers. A DQ-based iteration technique is used to obtain the critical buckling temperature 
rise and thermal postbuckling equilibrium path for the plates that are either fully immovable or 
movable in the x direction. Comprehensive numerical results are presented in both graphical and 
tabular forms to examine the effects of GPL distribution pattern, concentration and geometry, in-
plane force, plate geometry, as well as boundary condition on the thermal buckling and postbuckling 
behaviours. Numerical results show that among the three GPL distribution patterns, only pattern X 
with more GPLs distributed near the surface layers is capable of reinforcing the thermal buckling and 
postbuckling performances of GPLRC plates. The influences of GPL weight fraction and geometry 
are highly sensitive to the GPL distribution pattern. Moreover, the effect of GPL geometry tends to 
be much less pronounced when the GPL width-to-thickness ratio is greater than 103. The results also 
reveal that the thermal buckling and postbuckling resistances considerably increase/decrease when 
the plate is subjected to a tensile/compressive in-plane force. 
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6.4.1. Abstract 
This paper investigates the parametric instability of functionally graded graphene reinforced 
nanocomposite plates that undergo a periodic uniaxial in-plane force and a uniform temperature rise. 
The plate is composed of multiple graphene platelet reinforced composite (GPLRC) layers in which 
graphene platelets (GPLs) are uniformly distributed in each individual layer with GPL concentration 
varying layer-wise across the plate thickness. The modified Halpin-Tsai model that takes into account 
the GPL geometry effect is employed to calculate the Young’s modulus of the GPLRC. Based on the 
first-order shear deformation theory, the governing equations are deduced and then are solved by 
using the differential quadrature approach integrated with the Bolotin’s method. A parametric study 
is undertaken to show the influences of GPL distribution pattern, concentration and geometry, 
temperature change, static in-plane force, plate geometry and boundary condition on the parametric 
instability of functionally graded multilayer GPLRC plates. It is found that the addition of a small 
amount of GPL reinforcements considerably increases the critical buckling load and natural 
frequencies but reduces the size of unstable region. The reinforcing effect is the best when the surface 
layers of the plate are GPL-rich. 
Keywords: Parametric instability; Buckling; Free vibration; Graphene nanocomposite; Functionally 
graded plate 
6.4.2. Introduction 
Polymer-based nanocomposites, that is nanofillers such as nanographite, carbon nanotubes (CNTs), 
and graphene added into a polymer material, have attracted tremendous scientific and technological 
interests over the past few decades [1]. Previous studies [2-4] have shown that only a small amount 
of nanofillers can be used as a higher concentration leads to a poor dispersion of nanofillers in the 
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polymer and thus deteriorates the resulting material properties. In order to make effective use of CNT 
reinforcements, Shen [5] investigated the functionally graded materials (FGMs) with CNTs non-
uniformly distributed in polymer composites and suggested that the functionally graded distribution 
of CNT nanofillers can further enhance the bending capacity of CNT-reinforced composite (CNTRC) 
plates. Extensive efforts have been devoted to the mechanical analysis of functionally graded CNTRC 
(FG-CNTRC) structures [6-15]. Among those, Sankar et al. [13] investigated the parametric 
instability of sandwich plates with CNTRC facesheets using the finite element method. Kolahchi et 
al. [14] conducted a nonlinear dynamic stability analysis of FG-CNTRC viscoelastic plates based on 
Mindlin plate theory. Although substantial advances have been made in CNT-filled polymer 
composites, poor dispersion due to CNT agglomeration, high fabrication cost, and limited availability 
in large quantities have impeded the further use of CNTs as reinforcements in polymer composites 
[16]. 
Graphene, a two-dimensional and one-atom thick monolayer of carbon, has comparable Young’s 
modulus and tensile strength [17] but an extremely higher surface area [18] than CNTs. In addition, 
graphene and its derivatives can be synthesized in a large quantity with a lower production cost [19-
21]. These advantages make graphene and its derivatives desirable reinforcements in polymer 
composites [22]. Due to the superior physical properties [17, 23, 24], graphene-based polymer 
nanocomposites may find a wide range of applications in flexible electronics and sensing technology 
[25], such as electronics devices [26], energy storage devices [27], sensors [28], biomedical 
applications [29]. Such nanocomposites can also be used to develop the advanced lightweight 
structures in aerospace engineering [30]. The mechanical analysis of graphene-based nanocomposite 
structures has since become a research hotspot in the field of advanced composite structures [31-47]. 
Song et al. [31, 32] studied the free and forced vibration, buckling and postbuckling of multilayer 
graphene nanocomposite plates in which graphene platelets (GPLs) are nonuniformly distributed in 
a layer-wise manner across the thickness. Their results revealed that dispersing more GPLs near the 
surface layers of the plate is the best way to increase natural frequencies and load-carrying capacity 
of polymer nanocomposite plates. Yang et al. [33] investigated the thermoelastic bending of 
functionally graded graphene nanocomposite plates and found that the thermo-mechanical bending 
performance is significantly reinforced by adding a very small amount of GPLs. Wu et al. [34] 
examined the thermal buckling and postbuckling of functionally graded multilayer GPL-reinforced 
composite (GPLRC) plates and suggested that whether the thermal buckling and postbuckling 
resistance increases or decreases is highly dependent on the GPL distribution pattern. Following the 
above pioneering work [31-34], Gholami and Ansari [35] presented a large deflection analysis of 
functionally graded multilayer GPLRC plates under uniform and sinusoidal transverse loadings. Shen 
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and his co-authors evaluated the nonlinear bending [36], vibration [37], buckling and postbuckling 
[38], and thermal buckling and postbuckling [39] of functionally graded graphene-reinforced 
composite laminated plates. As far as the authors are aware, no research work has been reported on 
the parametric instability of graphene nanocomposite plates. 
This paper aims to investigate the thermo-mechanical parametric instability of functionally graded 
multilayer GPLRC plates under a periodic uniaxial in-plane force and a uniform temperature rise. 
The material properties are assumed to be functionally graded in a layer-wise manner across the plate 
thickness and predicted by a modified Halpin-Tsai micromechanics model. The differential 
quadrature (DQ) approach together with the Bolotin’s method is used to solve the governing 
equations. Comprehensive numerical results are presented to illustrate how the GPL distribution 
pattern, weight fraction, and geometry affect the parametric instability of functionally graded 
multilayer GPLRC plates. In addition, buckling and free vibration of GPLRC plates are dealt with as 
special cases. 
6.4.3. Theoretical modelling 
 Effective material properties 
The multilayer GPLRC plate is composed of ideally bonded GPLRC layers of equal thickness. The 
GPL reinforcements are randomly oriented and uniformly dispersed in each individual layer but its 
volume fraction is either functionally graded (X and O) or uniformly distributed (U) in a piece-wise 
pattern across the plate thickness. For simplicity, the multilayer GPLRC plate consisting of even-
numbered layers is considered in the present analysis. The GPL volume fraction of the kth layer for 
each distribution pattern follows [40, 41] 
U-GPLRC: ( ) *GPL GPL
kV V , (6.185) 
X-GPLRC: 
( ) *
GPL GPL L L2 2 1
kV V k N N   , (6.186) 
O-GPLRC:  ( ) *GPL GPL L L2 1 2 1kV V k N N    , (6.187) 
where NL is the total number of layers. V
* 
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in which WGPL is the total GPL weight fraction; GPL  and m  are the mass densities of GPL and 
matrix, respectively. 
The modified micromechanics based Halpin-Tsai model that takes into account the effect of GPL 
geometry is employed to calculate the GPLRC’s effective Young’s modulus [48-50]: 
L L GPL T T GPL
m m
L GPL T GPL
1 13 5




   
 
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in which EGPL and Em are the Young’s moduli of GPL and matrix, respectively. The GPL geometry 
factors L and T are defined as 
     L GPL GPL GPL GPL GPL GPL2 2a t a b b t    ,  T GPL GPL2 b t  , (6.191) 
where aGPL, bGPL and tGPL are the GPL length, width and thickness, respectively. The mass density, 
thermal expansion coefficient and Poisson’s ratio of the GPLRC are given by the rule of mixture: 
m m GPL GPLV V    , (6.192) 
m m GPL GPLV V    , (6.193) 
m m GPL GPLV V    , (6.194) 
in which GPL and m are the thermal expansion coefficients, νGPL and m are the Poisson’s ratios, 
subscripts “GPL” and “m” refers to GPL and matrix, respectively, whose volume fractions VGPL and 
Vm are related by VGPL + Vm =1. 
 Governing equations 
Consider a multilayer GPLRC plate of length a, width b and total thickness h. The origin of coordinate 
system (X, Y, Z) is located at the corner of the mid-plane (Z = 0), with the coordinates XY along the 
length and width directions and Z along the thickness direction. The plate is assumed to be initially 
stress-free at the reference temperature T0 and then undergoes a uniform temperature rise ΔT = T-T0 
and a uniform periodic in-plane force NX0 along X-axis 
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0 s d cosXN N N t  , (6.195) 
where Ns and Nd are the static and dynamic component amplitudes, respectively.  is the excitation 
frequency, and t is the time. Let (U, V, W) be the displacement components of an arbitrary point in 
the mid-plane, (X, Y) the rotations of a transverse normal about the Y- and X-axes, respectively. 
Based on the first-order shear deformation theory (FSDT), the linear strains associated with the 
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in which the comma represents a partial derivative with respect to the coordinates. The linear stress-
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By using Hamilton’s principle, the governing equations of the functionally graded GPLRC plate 
under a periodic uniaxial in-plane force and a uniform temperature rise are derived as follows: 
, , 1 2XX X XY Y XN N I U I    , (6.199) 
, , 1 2XY X YY Y YN N I V I    , (6.200) 
 T T, , s d , , 1cosX X Y Y XX XX YY YYQ Q N N N t W N W I W      , (6.201) 
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, , 2 3XX X XY Y X XM M Q I U I     , (6.202) 
, , 2 3XY X YY Y Y YM M Q I V I    , (6.203) 
in which the overdot implies a partial derivative with respect to time t. The stress resultants (NXX, NYY, 
NXY), moments (MXX, MYY, MXY) and transverse shear stress resultants (QX, QY) are related to strains 
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The extensional stiffness elements Aij, bending stiffness elements Dij and inertia related terms Ii are 
given by 
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where Z = Zk and Z = Zk+1 are the coordinates of top and bottom surfaces of the k
th GPLRC layer in 










XY) are calculated from 
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Keeping Eq. (6.196) in mind and substituting for the stress and moment resultants from Eqs. (6.204)-
(6.206), the governing equations (6.199)-(6.203) can be expressed in terms of displacements as 
 11 , 12 , 66 , , 1 2XX XY YY XY XA U A V A U V I U I      , (6.211) 
 66 , , 12 , 22 , 1 2XY XX XY YY YA U V A U A V I V I      , (6.212) 
     T T55 , , 44 , , s d , , 1cosXX X X YY Y Y XX XX YY YYA W A W N N N t W N W I W          , (6.213) 
   11 , 12 , 66 , , 55 , 2 3X XX Y XY X YY Y XY X X XD D D A W I U I            , (6.214) 
   66 , , 12 , 22 , 44 , 2 3X XY Y XX X XY Y YY Y Y YD D D A W I V I            . (6.215) 
For a uniform temperature change, the partial derivatives of thermal stress resultants and moments 
with respect to the coordinates (X, Y) are zero and hence are absent in the above equations.  
We assumed that the plate is either simply supported or clamped at each edge with the associated out-
of-plane boundary conditions as follows 
Simply supported: 
W = Y = MX = 0, at X = 0, a, (6.216) 
W = X = MY = 0, at Y = 0, b; (6.217) 
Clamped: 
W = X = Y = 0, at all edges. (6.218) 
In present analysis, the edge X = 0 is fully immovable, while the other edges are movable in the X-
axis but immovable in the Y-axis. The corresponding in-plane boundary conditions are expressed as 
U = V = 0, at X = 0, (6.219) 
NXX = V = 0, at X = a, (6.220) 
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NXY = V = 0, at Y = 0, b. (6.221) 
With the dimensionless parameters below: 
               
       
       
1 2
2 2
110 a b c 1 2 3 10 110 10
T T T T
10 110 s d s d 110
, , , , , , , , , , , , , ,
, , , , , , , , ,
, , , , , , , , , ,
x y X Y
ij ij ij ij
xx yy XX YY
x y X a Y b u v w U V W h a h b
a d A D h A I I I I I h I h I t A I a
a I A P P P P N N N N A
     

   




where A110 and I10 are the values of A11 and I1 of a homogeneous plate made from the pristine matrix 
material, ω and  are the dimensionless natural frequency and excitation frequency, the governing 
equations (6.211)-(6.215) are rewritten in the dimensionless form as 
 11 , 12 2 , 66 2 2 , , a bxx xy yy xy xa u a v a u v I u I        , (6.223) 
  266 2 , , 12 2 , 22 2 , a bxy xx xy yy ya u v a u a v I v I        , (6.224) 
     T 2 T55 , 1 , 44 2 2 , 1 , s d , 2 , acosxx x x yy y y xx xx yy yya w a w P P P w P w I w             , (6.225) 
   11 , 12 2 , 66 2 2 , , 55 1 , 1 b cx xx y xy x yy y xy x x xd d d a w I u I                , (6.226) 
   266 2 , , 12 2 , 22 2 , 44 1 2 , 1 b cx xy y xx x xy y yy y y yd d d a w I v I                 . (6.227) 
The associated boundary conditions (6.216)-(6.221) can be nondimensionalized in the same way as 
Simply supported: 
0yu v w     ,   11 , 12 2 , 0x x y yd d    ,      at x = 0, (6.228) 
0xv w    ,   11 , 12 2 , 0x ya u a v  ,   11 , 12 2 , 0x x y yd d    ,      at x = 1, (6.229) 
0xv w    ,    66 2 , , 0y xa u v   ,   12 , 22 2 , 0x x y yd d    ,      at y = 0, 1; (6.230) 
Clamped: 
0x yu v w       ,      at x = 0, (6.231) 
0x yv w      ,   11 , 12 2 , 0x ya u a v  ,      at x = 1, (6.232) 
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0x yv w      ,    66 2 , , 0y xa u v   ,      at y = 0, 1. (6.233) 
 
6.4.4. Solution method 
In the present analysis, the DQ approach integrated with the Bolotin’s method [51, 52] is used to 
solve the governing equations. To this end, the partial differential governing equations are first 
discretized and converted into a set of linear algebraic equations by applying the two-dimensional 
DQ approximation in both the x- and y-axes, from which the boundary of unstable region is obtained 
by using the Bolotin’s method. 
Based on the DQ discretization rule, the displacement components (u, w, v, x, y) and their k1th and 
k2
th derivatives with respect to x and y are approximated as  
      
1 2
1 1
, , , , , , , ,
N N
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where lm(x) and ln(y) are the Lagrange interpolation polynomials; {umn, vmn, wmn, xmn, ymn} are the 
values of {u, v, w, x, y} at (x, y) = (xm, yn); C
(k1) 
im  and C
(k2) 
jn  are the weight coefficients of the k1
th and 
k2
th partial derivatives of unknown displacements with respect to x and y, respectively, and can be 
determined by using the recursive formulae. N1 and N2 are the total numbers of grid lines that are 
























,   i (j) = 1, 2, …, N1 (N2). (6.236) 
Applying the relationships (6.234) and (6.235) to the dimensionless governing equations (6.223)-
(6.227) yields 
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Likewise, the associated boundary conditions (6.228)-(6.233) can be discretized as 
Simply supported: 
1 1 1 1 0j j j y ju v w     , 
   
1 2
1 1




m xmj jn y n
m n
d C d C  
 
   ,      at x = x1, (6.242) 
1 1 1
0N j N j yN jv w    , 








N m mj jn N n
m n
a C u a C v
 
   , 








N m xmj jn yN n
m n
d C d C  
 
   ,      at x = xN1, (6.243) 
1 1 1 0i i xiv w    , 
   
2 1
1 1




n in im m
n m





  , 
   
1 2
1 1




im xm n yin
m n
d C d C  
 
   ,      at y = y1, (6.244) 
2 2 2
0iN iN xiNv w    , 








N n in im mN
n m





  , 








im xmN N n yin
m n
d C d C  
 
   ,      at y = yN2; (6.245) 
Chapter 6. Mechanical analysis of FG-GPLRC beams and plates 
259 
Clamped: 
1 1 1 1 1 0j j j x j y ju v w       ,      at x = x1, (6.246) 
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Substituting for the related equations at x = x1, xN1 and y = y1, yN2 from Eqs. (6.242)-(6.249) into the 
discretized governing equations (6.237)-(6.241) leads to a matrix system of linear algebraic equations 
as [53] 
 L T s d PcosT P P      Md K K + K d 0 . (6.250) 
where the unknown displacement vector d is composed of uij, vij, wij, xij, yij (i = 1, 2, …, N1; j = 1, 
2, ..., N2); M, KL, KT and KP are 5N1N2 5N1N2 matrices, among which M is the mass matrix, KL is 
the stiffness matrix, KT and KP are the geometric stiffness matrices that are associated with the 
temperature change and in-plane force, respectively. 
Eq. (250) is a Mathieu-Hill type equation that governs the thermo-mechanical parametric instability 
behaviour of functionally graded multilayer GPLRC plates. The principal unstable region of greatest 
practical importance is bounded by the solutions of period 2T (T = 2/) According to Bolotin’s 








 d a b , (6.251) 
in which an and bn are arbitrary constant vectors. As the first approximation with n = 1 gives the 
solutions of sufficient accuracy, substitution of Eq. (6.251) into Eq. (6.250) leads to the following 
eigenvalue equations in terms of a1 and b1:  
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K K K M b 0 , (6.253) 
from which two critical excitation frequencies  can be obtained for each given value of dynamic 
component amplitude Pd. The plot of  against Pd gives two curves that bound the principal unstable 
region. The intersection of two curves, that is the origin of principal unstable region, occurs at Pd = 
0, where the excitation frequency is equal to double the fundamental frequency of free vibration. 
It should be mentioned that Eq. (6.250) is a general governing equation that also describes the 
buckling and free vibration behaviours of plates under a thermo-mechanical load. Setting the inertia 
terms and dynamic component of in-plane force to zero, the bifurcation buckling load Pcr of thermally 
pre-stressed plates can be solved from: 
 L T cr PT P  K K K d 0 , (6.254) 
Let Pd = 0 and d = d
*eiωτ, Eq. (6.250) is then rewritten as 
 2L T s PT P     K K K M d 0 , (6.255) 
from which the natural frequency ω can be determined for thermo-mechanically stressed plates. 
6.4.5. Results and discussion 
In what follows, the epoxy and GPLs with aGPL = 2.5 μm, bGPL = 1.5 μm and thickness tGPL = 1.5 nm 
[22] are selected as the matrix and reinforcement materials, respectively, whose material properties 
are given in Table 6.18. A clockwise symbolic notation starting from x = 0 is utilized to denote the 
boundary conditions. “SCSC”, for example, represents a GPLRC plate simply supported at x = 0, 1 
and clamped at y = 0, 1. 
Table 6.18 Material properties of epoxy and GPL [41]. 
Material properties Epoxy GPL 
Young’s modulus (GPa) 3.0 1010 
Density (kg m-3) 1200 1062.5 
Poisson’s ratio 0.34 0.186 
Thermal expansion coefficient (×10-6 /K) 60 5.0 
 
 Convergence and comparison studies 
Before proceeding to parametric studies, the accuracy of the present formulation and solution method 
is validated by comparing our results with those reported in the literature. The dimensionless critical 
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buckling loads for simply supported CNTRC plates under either uniaxial or biaxial edge compression 
are computed and compared in Table 6.19 with those of Zhang et al. [55] based on Ritz method. In 
addition, the dimensionless fundamental frequencies for CNTRC plates with different boundary 
conditions are given in Table 6.20, together with those of Lei et al. [56] and Zhu et al. [57] that are 
obtained by using the element-free kp-Ritz method and finite element method, respectively. In these 
two examples, the CNT volume fraction is 11% and the related material properties can be found in 
references [55-57]. Very close agreements are observed between our results and existing ones. 
Table 6.19 Comparison of critical buckling load parameter for simply supported CNTRC square plates under 
uniform edge compression (a/h = 100). 
Types 
Uniaxial compression  Biaxial compression 
Present Zhang et al. [55]  Present Zhang et al. [55] 
FGX 57.0717 56.7373  14.6053 14.2345 
UD 39.3401 39.1158  11.5526 11.4103 
FGO 21.4620 21.3316  7.8117 7.7153 
 
Table 6.20 Comparison of fundamental frequency parameter for CNTRC square plates (a/h = 10). 
Types 
SSSS  CCCC 
Present Lei et al. [56] Zhu et al. [57]  Present Lei et al. [56] Zhu et al. [57] 
FGX 14.5911 14.578 14.616  18.0560 18.045 18.083 
UD 13.5070 13.495 13.532  17.5947 17.587 17.625 
FGO 11.5285 11.514 11.550  16.6691 16.667 16.707 
 
Table 6.21 Comparisons of boundary frequencies for a simply supported cross-ply (0/90/90/0) laminated 
square plate (a/h = 10, Ps/Pcr = 0.4): convergence study. 
Pd/Pcr 
Sahoo and Singh 
[58] 
 
N = 7  N = 9  N = 11  N = 13 
 U  L   U  L   U  L   U  L   U  L 
0.2 25.293 21.376  25.345 21.420  25.338 21.415  25.339 21.415  25.339 21.415 
0.4 27.040 19.120  27.094 19.159  27.088 19.154  27.088 19.154  27.088 19.154 
0.8 30.231 13.520  30.292 13.547  30.285 13.544  30.285 13.544  30.285 13.544 
 
Further comparisons are performed by considering the parametric instability problem of a simply 
supported cross-ply laminate plate under different periodic uniaxial in-plane forces in the x-axis. For 
simplicity, same number of grid lines is selected along the x- and y-axes, namely N1 = N2 = N. The 
boundary frequency parameters  U and  L with varying number of grid lines are given and compared 
in Table 6.21 with the finite element results [58] based on an inverse hyperbolic zigzag theory. 
Moreover, the principal unstable regions are depicted and compared in Figure 6.36. The material 
properties used in these instances are E11 = 40E22, G12 = G13 = 0.6E22, G23 = 0.5E22, 12 = 0.25. The 
present solutions are convergent and in good agreement with the finite element results when N ≥ 11. 
As indicated in our previous paper [34], a multilayer GPLRC plate with 10 layers is capable of 
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modelling an ideal functionally graded plate with smooth variations in material properties. Hereafter, 
NL = 10, as well as N = 11 are used for all the subsequent studies. 

















 Sahoo & Singh [58]
1. P/Pcr = 0.0
2. P/Pcr = 0.2
1 2
 
Figure 6.36. Comparison of principal unstable region for a simply supported cross-ply (0/90/90/0) laminated 
plate. 
 Buckling and free vibration 
Buckling and free vibration results are presented in Tables 6.22-6.24 for functionally graded 
multilayer GPLRC plates with a/b = 1 and a/h = 10 that are subjected to a static uniaxial in-plane 
force in the x-axis and a uniform temperature rise. 
Tables 6.22 and 6.23 tabulate the dimensionless critical buckling loads and fundamental frequencies 
for SSSS, SCSC, and CCCC multilayer GPLRC plates with various GPL distribution patterns and 
weight fractions. The X-GPLRC plate with more GPLs dispersed near the surface layers possesses a 
higher bending stiffness and consequently has a higher buckling load and fundamental frequency, 
followed by the U- and O-GPLRC plates. Moreover, both the buckling load and frequency increase 
as the GPL weight fraction increases but decrease as the temperature rises. This is because a 
temperature rise brings about a compressive stress in the plate and accordingly decreases the plate 
stiffness. As expected, the CCCC plate with higher constraint at the edges exhibits higher buckling 
load and fundamental frequency, followed by the SCSC and SSSS plates. The critical buckling loads 
of GPLRC plates are considerably higher than that of the pure epoxy plate, showing the remarkable 
reinforcing effect of GPLs. 
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Table 6.22 Dimensionless critical buckling loads for functionally graded multilayer GPLRC plates under 
thermo-mechanical loading (a/b = 1, a/h = 10). 
Multilayer plate WGPL 
ΔT = 0 K  ΔT = 100 K 
SSSS SCSC CCCC  SSSS SCSC CCCC 
X-GPLRC 0.1% 0.0460 0.0760 0.0984  0.0353 0.0730 0.0913 
 0.3% 0.0758 0.1235 0.1597  0.0598 0.1192 0.1494 
 0.5% 0.1055 0.1709 0.2207  0.0842 0.1652 0.2073 
U-GPLRC 0.1% 0.0413 0.0692 0.0899  0.0306 0.0663 0.0826 
 0.3% 0.0619 0.1037 0.1346  0.0460 0.0994 0.1238 
 0.5% 0.0825 0.1382 0.1794  0.0613 0.1324 0.1649 
O-GPLRC 0.1% 0.0366 0.0622 0.0809  0.0260 0.0593 0.0734 
 0.3% 0.0478 0.0823 0.1072  0.0318 0.0762 0.0957 
 0.5% 0.0588 0.1021 0.1331  0.0376 0.0925 0.1176 
Pure epoxy 0.0% 0.0310 0.0520 0.0675  0.0230 0.0498 0.0620 
 
Table 6.23 Dimensionless fundamental frequencies for functionally graded multilayer GPLRC plates under a 
uniform temperature rise (a/b = 1, a/h = 10, Ps/Pcr = 0). 
Multilayer plate WGPL 
ΔT = 0 K  ΔT = 100 K 
SSSS SCSC CCCC  SSSS SCSC CCCC 
X-GPLRC 0.1% 0.6689 0.9286 1.1295  0.5859 0.8614 1.0748 
 0.3% 0.8587 1.1864 1.4407  0.7628 1.1085 1.3771 
 0.5% 1.0135 1.3969 1.6949  0.9058 1.3092 1.6232 
U-GPLRC 0.1% 0.6342 0.8849 1.0783  0.5460 0.8136 1.0205 
 0.3% 0.7764 1.0833 1.3200  0.6687 0.9963 1.2495 
 0.5% 0.8963 1.2507 1.5240  0.7723 1.1504 1.4428 
O-GPLRC 0.1% 0.5970 0.8374 1.0222  0.5024 0.7612 0.9608 
 0.3% 0.6816 0.9611 1.1755  0.5560 0.8605 1.0948 
 0.5% 0.7564 1.0696 1.3095  0.6047 0.9486 1.2127 
 
Table 6.24 Dimensionless natural frequencies for simply supported functionally graded multilayer GPLRC 
plates under thermo-mechanical loading (WGPL = 0.3%, a/b = 1, a/h = 10, ΔT = 100 K). 
Ps/Pcr Multilayer plate 
Mode 
1 2 3 4 5 6 
-0.5 X-GPLRC 0.9343 1.9465 2.2193 2.2602 3.0316 3.1728 
 U-GPLRC 0.8190 1.7393 2.0357 2.2193 2.8787 3.0314 
 O-GPLRC 0.6809 1.4895 1.7697 2.2193 2.5234 2.8836 
 Pure epoxy 0.5793 1.2305 1.4405 1.5708 2.0369 2.1448 
0 X-GPLRC 0.7628 1.8715 1.9905 2.2193 2.9885 3.0316 
 U-GPLRC 0.6687 1.6749 1.8068 2.2193 2.7235 3.0314 
 O-GPLRC 0.5560 1.4376 1.5889 2.2193 2.4019 2.8577 
 Pure epoxy 0.4730 1.1849 1.2786 1.5708 1.9272 2.1448 
0.5 X-GPLRC 0.5394 1.6780 1.7933 2.2193 2.7922 3.0316 
 U-GPLRC 0.4729 1.5442 1.6079 2.2193 2.5588 3.0314 
 O-GPLRC 0.3931 1.3838 1.3847 2.2193 2.2738 2.8316 
 Pure epoxy 0.3345 1.0930 1.1375 1.5708 1.8108 2.1448 
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Table 6.24 lists the natural frequency results for functionally graded multilayer GPLRC plates that 
are subjected to a static uniaxial in-plane force in the x-axis and a uniform temperature rise. Pcr is the 
critical buckling load of the corresponding plate at the given temperature rise ΔT = 100 K. Three 
cases of Ps/Pcr = -0.5, 0, 0.5 are considered, where Ps/Pcr = -0.5, 0.5 represent a tensile force and a 
compressive force, respectively. The tensile force enhances the plate stiffness and therefore increases 
the natural frequencies, while the compressive force has an inverse influence. Like the observation in 
buckling analysis, the natural frequencies of GPLRC plates are significantly higher than that of the 
pure epoxy plate.  
 Parametric instability 
We next investigate the parametric instability of functionally graded multilayer GPLRC plates. 
Unless otherwise specified, numerical results, in the form of the dimensionless dynamic component 
amplitude Pd plotted against the dimensionless excitation frequency , are presented in Figures 1-7 
for simply supported functionally graded multilayer X-GPLRC plates with a/b = 1, a/h = 10, WGPL = 
0.3% and ΔT = 0 K that are subjected to a periodic uniaxial in-plane force in the x-axis, with the static 
component Ps/Pcr = 0.2 and dynamic component amplitude Pd/Pcr varying from 0.0~0.8. 
Figures 6.37 and 6.38 show the effects of GPL distribution patterns and weight fractions on 
parametric instability of GPLRC plates, respectively. The X-GPLRC plate has the highest excitation 
frequency and the smallest size of unstable region, followed by the U- and O-GPLRC plates. This is 
because, as aforementioned, the pattern X makes more effective use of a low concentration of GPL 
reinforcements than other distribution patterns, resulting in higher plate stiffness. Compared with the 
pure epoxy plate, the unstable regions of GPLRC plates move toward the right. Moreover, the 
excitation frequency significantly increases but the size of unstable region decreases as the GPL 
weight fraction grows. 
Figure 6.39 investigates the effect of GPL geometry on the parametric instability characteristic of X-
GPLRC plates. The GPL width-to-thickness ratio and aspect ratio are set as bGPL/tGPL = 10
3 and 
aGPL/bGPL = 1 in Figures 6.39(a) and (b), respectively. By keeping the GPL width bGPL constant, a 
higher value of aGPL/bGPL means a larger surface area and a greater magnitude of bGPL/tGPL indicates 
that each individual GPL contains fewer single-layer graphene. The unstable region move slightly 
toward the right but the size remains almost unchanged as both bGPL/tGPL and aGPL/bGPL increases, 
with the former being less noticeable than the latter. The influence of GPL geometry becomes much 
less pronounced when the values of bGPL/tGPL and aGPL/bGPL are sufficiently large. 
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Figure 6.37. Effect of GPL distribution pattern on the principal unstable region for functionally graded 
multilayer GPLRC plates. 
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Figure 6.38. Effect of GPL weight fraction on the principal unstable region for functionally graded 
multilayer X-GPLRC plates. 
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Figure 6.39. Effect of GPL geometry on the principal unstable region for functionally graded multilayer X-
GPLRC plates. 
The influences of static in-plane force and temperature rise on the parametric instability of X-GPLRC 
plates are examined in Figures 6.40 and 6.41, respectively. Again, the positive and negative values 
of Ps/Pcr represent the tensile and compressive in-plane forces, respectively. Compared with initial 
stress-free state (i.e. Ps/Pcr = 0 and ΔT = 0 K), the unstable region not only moves closer to the 
coordinate origin but also becomes wider as the plate undergoes either a greater static compressive 
force or a higher temperature rise. In contrast, a larger static tensile force improves the plate stiffness 
and consequently increases the excitation frequency and reduces the size of unstable region. 
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Figure 6.40. Effect of static in-plane force on the principal unstable region for functionally graded multilayer 
X-GPLRC plates. 
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Figure 6.41. Effect of temperature rise on the principal unstable region for functionally graded multilayer X-
GPLRC plates. 
Figures 6.42 and 6.43 compares the principal unstable regions of X-GPLRC plates with various side-
to-thickness ratio (a/h = 5, 10, 15, 20) and boundary conditions (SSSS, SSCC, SCSC, CCCC), 
respectively. The fully clamped (CCCC) plate with a smaller side-to-thickness ratio has an obviously 
higher excitation frequency and narrower unstable region due to the stronger supporting rigidity. Also, 
the size/origin of unstable region of the plate with two opposite edges clamped (SCSC) is 
smaller/lower than that of the plate with two adjacent edges clamped (SSCC). 
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Figure 6.42. Effect of side-to-thickness ratio on the principal unstable region for functionally graded 
multilayer X-GPLRC plates. 
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Figure 6.43. Effect of boundary condition on the principal unstable region for functionally graded multilayer 
X-GPLRC plates. 
It should be noted that in Figures 6.37-6.43 some curves extend to a low value of Pd because the plate 
will buckle and become completely unstable beyond this value. 
6.4.6. Conclusions 
The parametric instability of functionally graded multilayer GPLRC plates under thermo-mechanical 
loading is investigated in this paper based on the FSDT. The DQ approach combined with Bolotin’s 
method is adopted to obtain the principal unstable region. Tabular and graphical results are presented 
to illustrate the influences of GPL distribution pattern, concentration and geometry, in-plane force, 
temperature rise, plate geometry, as well as boundary condition. It is found that pattern X with more 
GPLs located near the surface layers makes more effective use of a low content of GPL 
reinforcements than the other distribution patterns, thus enhancing the plate stiffness and structural 
performances. An increase in GPL weight fraction leads to a greater buckling load and higher natural 
frequencies but a narrower unstable region. Results also indicate that the excitation frequency is 
slightly raised but the size of unstable region remains nearly unchanged as both the GPL aspect ratio 
and width-to-thickness ratio increase. Both the compressive in-plane force and temperature rise 
degrade the plate stiffness, and therefore reduce the critical buckling load, natural frequencies and 
increase the size of unstable region, while a tensile in-plane force has an inverse effect. 
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7. CONCULSIONS 
7.1. Summary of Thesis 
This thesis is concerned with the nonlinear behaviour and imperfection sensitivity of functionally 
graded nanocomposite structures. The two functionally graded nanocomposite models (FG-CNTRC 
and FG-GPLRC) are introduced in Chapter 2 together with the extended rule of mixture and the 
modified Halpin-Tsai model that are used to estimate the effective material properties of FG-CNTRCs 
and FG-GPLRCs, respectively. 
The research works carried out in this thesis consist of four parts: 1) buckling and free vibration 
analysis of sandwich beams with FG-CNTRC face sheets, 2) imperfection sensitive analysis of FG-
CNTRC beams, 3) thermo-electro-mechanical analysis of piezoelectric FG-CNTRC beams with 
geometric imperfections, 4) mechanical analysis of FG-GPLRC beams and plates  under thermo-
mechanical loading. 
The buckling and free vibration behaviours of sandwich beams with FG-CNTRC face sheets were 
first studied based on the FSDT. The linear governing equations are derived by using Hamilton’s 
principle and are solved by employing the DQ method to obtain the natural frequency and critical 
buckling load. Numerical results indicate that both the critical buckling load and natural frequencies 
increases significantly with an increase in CNT volume fraction but decreases with an increase in 
slenderness ratio, whereas the effect of core-to-facesheet thickness ratio is much less pronounced. 
The sandwich beam with FG-CNTRC facesheets outperform the beam with UD-CNTRC facesheets 
in terms of the buckling and vibration performances. 
For the imperfection sensitivity analysis, the influences of various geometric imperfections on 
nonlinear postbuckling and free vibration of FG-CNTRC beams were investigated based on the FSDT. 
A generic imperfection model in the form of the product of trigonometric and hyperbolic functions is 
utilized to simulate the various possible geometric imperfections that are either globally or locally 
located in the beams. The nonlinear governing equations of postbuckling are established by using the 
principle of virtual displacements and then converted into a system of nonlinear algebraic equations 
by applying the DQ approximation, from which the postbuckling equilibrium path of geometrically 
imperfect beams is determined by means of the modified Newton-Raphson iteration procedure. The 
nonlinear governing equations of free vibration, including the effect of geometric imperfections, are 
deduced by applying the principle of minimum potential energy together with the Ritz method and 
then solved by a direct iteration procedure to obtain the linear and nonlinear frequencies. 
Comprehensive numerical results are presented and show that 
Chapter 7. Conclusions 
274 
(1) Due to the presence of geometric imperfections, both the compressive and thermal 
postbuckling equilibrium paths are no longer the bifurcation type. 
(2) Both the compressive and thermal postbuckling are more sensitive to the geometric 
imperfection with a higher imperfection amplitude but fewer half-waves. 
(3) Both the compressive and thermal postbuckling are most affected by the symmetrical 
imperfection. An unsymmetric imperfection with the geometric centre near the beam end gives 
rise to negative deflections. 
(4) Overall, the postbuckling behaviour is more sensitive to the global imperfections, followed by 
the sine type and localized imperfections. 
(5) The linear fundamental frequency is increased and the nonlinear frequency ratio versus 
vibration amplitude curve is no longer symmetric due to the existence of initial geometric 
imperfection. 
(6) The nonlinear vibration is considerably sensitive to sine type and global imperfections (except 
for G2-mode), whereas the effects of localized imperfection and its location are much less 
pronounced.  
(7) Whether the FG-CNTRC beam exhibits “hard-spring” or “soft-spring” vibration behaviour 
depends on the geometric imperfection mode and its amplitude as well as the vibration 
amplitude 
In the thermo-electro-mechanical analysis, we studied the postbuckling and free vibration of 
geometrically imperfect piezoelectric FG-CNTRC beams that are subjected to a combined action of 
uniform temperature rise, constant actuator voltage, and in-plane force. The theoretical formulations 
that include the effects of shear deformation and geometric imperfections are based on the FSDT. 
The thermo-electro-mechanical postbuckling equilibrium path is traced by using the DQ method 
combined the modified Newton-Rapson technique, after which the natural frequencies of 
piezoelectric FG-CNTRC beams in the postbuckled states are obtained by a standard eigenvalue 
algorithm. Detailed parametric studies are conducted and the key findings include: 
(1) The compressive load-carrying capacity is reduced as a result of temperature rise and positive 
actuator voltage but is increased by the application of a negative voltage. 
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(2) Due to the existence of geometric imperfections, initial deflections occur in the thermo-
electrically prestressed piezoelectric FG-CNTRC beams and are most affected by the 
slenderness ratio, temperature variation and imperfection amplitude. 
(3) The thermo-electro-mechanical postbuckling is considerably affected by the imperfection 
parameters and temperature rise. The effect of actuator voltage is insignificant but tends to be 
more pronounced at a larger slenderness ratio. 
(4) The fundamental frequency first decreases with the temperature rise but then increases as the 
temperature further increases. 
(5) The fundamental frequencies of perfect beams are zero at the critical buckling temperature at 
which the frequency versus temperature rise curves are continuous but not smooth, while the 
curves of imperfect beams are smooth in the whole temperature range. 
(6) The fundamental frequencies of geometrically imperfect FG-CNTRC hybrid beams are higher 
than those of perfect counterparts and this effect is much more pronounced around the critical 
buckling temperature. 
(7) The fundamental frequency is raised/reduced in the prebuckling/postbuckling temperature 
range when the beam is subjected to either a negative voltage or a tensile force, while the 
positive voltage and compressive force have inverse effects. 
Considering the limitation of current manufacturing technology, we proposed an FG-GPLRC 
multilayer structure model in which the GPL concentration varies in a piece-wise manner across the 
thickness so as to facilitate the effective use of a small amount of GPLs. The dynamic instability, 
buckling and postbuckling of FG-GPLRC beams and plates under a uniform temperature rise and a 
periodic uniaxial in-plane force were then investigated within the framework of FSDT and von 
Kármán geometric nonlinearity. The thermo-mechanical buckling and postbuckling results are 
obtained by using the DQ-based iteration procedure. The principle unstable region of FG-GPLRC 
beams and plates under thermo-mechanical loading are obtained by using the Bolotin’s method. 
Detailed parametric studies are carried out with a particular focus on the effects of GPL distribution 
pattern, weight fraction and geometry to best explore the potentials of GPLs towards the development 
of advanced lightweight nanocomposite structures. Our results reveal that 
(1) Incorporation of a low content of GPLs into polymer matrix leads to significantly improved 
mechanical properties and structural performances. 
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(2) Development of FG-GPLRCs provides an effective way to make best use of GPLs and meet 
multifunctional requirements. 
(3) Symmetric distribution with more GPLs near the top and bottom surface and few GPLs near 
the neutral plane is most desirable in terms of the reinforcing effect. 
(4) The effect of GPL nanofiller geometry tends to be much less pronounced when the GPL aspect 
ratio and width-to-thickness ratio are sufficiently large. 
The obtained results in this thesis will serve to better understand the mechanical behaviours of FG-
CNTRC and FG-GPLRC structures under various loading conditions and contribute to the practical 
applications and engineering design of such functionally graded nanocomposite structures. 
7.2. Future Research 
Theoretical and numerical works have been conducted in this thesis to investigate mechanical 
behaviours of FG-CNTRC and FG-GPLRC beam and plate structures under various loading 
conditions. The influences of distribution pattern, concentration and dimension of nanofillers on the 
buckling, postbuckling, free vibration, and dynamic instability have been examined in detail through 
parametric studies to best explore the potentials of CNT and GPL nanofillers towards the 
development of advanced lightweight nanocomposite structures. 
It should be noted that this thesis is devoted to the mechanical analysis of FG-CNTRC and FG-
GPLRC beams and plates, the mechanical behaviours of other structures, such as shells, circular 
plates and annular plates that are also vital in practical engineering, have not been investigated yet. 
In addition, the CNT efficiency parameters in the extended rule of mixture are determined by 
matching the elastic moduli of CNTRCs obtained from molecular dynamics simulations with those 
predicted by the rule of mixture. Due to lack of molecular dynamics simulation results, only three 
different values of CNT volume fraction are considered in the mechanical analysis of FG-CNTRC 
beams. Furthermore, the Halpin-Tsai model does not take into account the aggregation phenomena 
and would fail to predict the modulus of GPLRCs at higher loadings of GPLs. The temperature-
dependency of material properties are also not considered in the mechanical analysis of FG-GPLRC 
structures for the absence of relevant data. Great effort has been directed towards the theoretical and 
numerical analysis, while experimental investigation on mechanical behaviours of FG-CNTRC and 
FG-GPLRC structures is scarce. Considering these facts, the future works can be carried out with the 
following aspects: 
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(1) Investigate the effects of distribution pattern, concentration, dimension of nanofiller, as well 
as various geometric imperfections on the mechanical behaviours of FG-CNTRC and FG-
GPLRC shells, circular plates, annular plates, etc. 
(2) Refine the existing micromechanical models for nanocomposites by means of molecular 
dynamics simulation and experiment to account for the aggregation of nanofillers which is 
unavoidable in real situations, particularly at higher loadings. 
(3) Take into consideration the temperature-dependency of material properties of FG-GPLRCs 
so as to more accurately predict the mechanical response of FG-GPLRC structures under 
thermal loadings. 
(4) Fabricate FG-CNTRC and FG-GPLRC structures and test their mechanical behaviours, such 
as buckling, postbuckling, bending, free vibration and dynamic instability, to validate the 
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